To appear in SIAM J. Sci. Comp. © Society for Industrial and Applied Mathematics Vol. ?, No. ?,

EXPLOITING INVARIANTS IN THE NUMERICAL SOLUTION OF MULTIPOINT BOUNDARY VALUE PROBLEMS FOR DAE *

VOLKER H. SCHULZy, HANS GEORG BOCKy, and MARC C. STEINBACHy

Abstract. This paper presents a new approach to the numerical solution of boundary value problems for higher index differential algebraic equations. Invariants known for the original DAE as well as invariants of the reduced index 1 formulation are exploited to stabilize initial value problem integration, derivative generation and nonlinear and linear systems solution of an enhanced multiple shooting method. Extensions to collocation are given. Applications are presented for two important problem classes: parameter estimation in multibody systems given in descriptor form, and singular and state constrained optimal control problems. In particular, generalizations of the “internal numerical differentiation” technique to DAE with invariants and a new multistage least squares decomposition technique for DAE boundary value problems are developed, which are implemented in the multiple shooting code PARFIT and in the collocation code COLFIT. Further, a method is described which minimizes the number of necessary directional derivatives in the presence of multipoint conditions and invariants. As numerical applications a parameter identification problem for a slider crank mechanism and a periodic cruise optimal control problem for motor glider aircraft are treated.

Key words. invariants, boundary value problems, higher index differential-algebraic equations, parameter identification, descriptor form for multibody systems, optimal control, singular control, state constraints

AMS subject classifications. 65L10, 65L60

0. Introduction. Initial value problems (IVP) for differential algebraic equations (DAE) have received significantly more attention in the previous years than boundary value problems (BVP). In particular, there has been a very rapid development of new integration techniques and software for multibody systems.

The present paper concentrates on two important classes of boundary value problems for DAE:

• parameter estimation in descriptor form models for multibody systems • treatment of singular controls and state constraints in optimal control Both problems have in common that they lead to DAE with invariants that arise from index reduction. Additional physical invariants may appear, such as the total energy in conservative mechanical systems or the Hamiltonian in optimal control problems. The focus of this paper is on the numerical exploitation of these invariants in solution algorithms for multipoint boundary value problems. Two difficult application problems are treated in order to demonstrate the resulting benefits. In a parameter estimation problem for a descriptor form multibody system, the condition number of the linear system is reduced, and the number of Gauß-Newton iterations is decreased significantly. A family of optimal control problems is solved far beyond the previously reached point along a homotopy path.

The numerical solution of nonlinear DAE boundary value problems by multiple shooting exhibits two major additional difficulties as compared to ODE boundary value problems and DAE initial value problems. First, the iteration process solving

*Received by the editors January 1994; accepted by the editors April 9, 1996. This research was supported by the German National Science Foundation (DFG).

yInterdisciplinary Center for Scientific Computing (IWR), University of Heidelberg, Im Neuenheimer Feld 368, D-69120 Heidelberg, Germany. E-mail addresses: schulz@na-net.ornl.gov,

bock@na-net.ornl.gov, steinbach@na-net.ornl.gov.

1

2 v. h. schulz, h. g. bock, and m. c. steinbach

the nonlinear BVP equations generates inconsistent local initial values at the shooting nodes when the algebraic condition is nonlinear, but consistent values are needed for the IVP integration on subintervals. Second, higher index DAE cannot be treated directly in many cases. Index reduction must then be performed, which eliminates higher order information from the DAE, thus causing numerical IVP solutions to drift off from the true solution manifold.

Few approaches to the numerical treatment of DAE boundary value problems have been reported in the literature. Here we do not give a complete list of all contributions, but rather an overview over the general directions of work in this field. In [11] a multiple shooting method is outlined for the treatment of constrained least squares boundary value problems in semi-explicit DAE of index 1. This paper proposes a relaxation technique to deal with inconsistent local initial values at the shooting nodes. A multistage least squares framework based on [10] is outlined for the treatment of under- and over-determined boundary value problems. A general theory of shooting and difference methods for implicit transferable DAE is developed by Griepentrog and März in [18,29]. In [27], Lentini and März investigate the conditioning of DAE boundary value problems. Lamour has proposed and implemented several shooting algorithms [24] and presents in [25] a well-posed multiple shooting method for implicit transferable DAE. Consistency of the converged local initial values is enforced by an additional Newton step on the algebraic conditions after each major Newton iteration on the discretized BVP. Collocation methods for DAE boundary value problems are described by Ascher, Mattheij and Russell [3]. Hanke [21] presents least-squares collocation methods for linear DAE boundary value problems. The code COLDAE of Ascher and Spiteri [6] treats semi-explicit DAE of index at most 2 and fully implicit DAE of index at most 1. It is based on a selective projective collocation method. Both [25] and [6] do not treat invariants. To our knowledge, DAE multipoint boundary value problems—especially over- or underdetermined ones—as they appear in optimal control and in parameter estimation, are up to now only considered in [11].

In the present paper we choose such a general problem class in order to be able to treat optimal control problems and parameter identification problems in a joint framework. The relaxation technique for algebraic constraints introduced in [11] is extended to hierarchies of invariants resulting from index reduction. These invariants are taken into account when solving the local IVP on each shooting interval, which prevents drift-off from the solution manifold by re-introducing the lost higher order information. Necessary extensions to the technique of internal numerical differentiation (IND) due to the invariants are described. Based on [10], a new multistage least squares approach is formulated in detail, which makes it possible to use invariants for numerical stabilization of the boundary value problem solution. A method is described which further exploits the invariants to minimize the number of necessary directional derivatives in the presence of multipoint conditions and invariants. Finally, practical applications demonstrate the stabilizing effect of the exploitation of invariants.

1. Preliminaries. The general type of DAE considered in this paper are semiexplicit DAE of index r ≥ 1 of the form

(1) ẏ_1 = f(y_1 , y_2), 0 = g(y_1, y_2),

which allow index reduction to obtain an index 1 system of the same form, or of the exploiting invariants in dae boundary value problems 3

quasi-linear form

B(y_1 ) ( ẏ_1 y_2 ) = f(y_1 ), B(y_1 ) non-singular.

(Typical DAE in this class are systems in Hessenberg form, cf. [13].) We will always use the index 1 form in numerical BVP solution, and therefore require reducibility. The generalized invariants defined in the following definition play the key role in treating index reduced DAE boundary value problems.

Definition 1. A function h(t, y) is called an invariant of order k, if ( d dt )_k h(t, y(t)) ≡ const along any IVP solution y(t) = (y_1(t), y_2(t)) of the DAE (1).

The classical notion of invariants is included in this definition as a special case, namely as invariants of order zero, satisfying h(t, y) ≡ const along any IVP solution. In (mechanical) Hamiltonian systems such invariants correspond to “strong” invariants in the sense of Dirac [15] (see also [26]), while invariants of order 1 correspond to “weak” invariants.

Lemma 1. When index reduction is performed on DAE (1), the algebraic conditions of index r, r − 1, . . . , 2 will become invariants of order r − 2, . . . , 0, respectively, of the resulting index 1 DAE. We call this a hierarchy of invariants.

Proof. This follows immediately from the definition.

The boundary value problems considered in this paper are a rather general class of multipoint boundary value problems (MPBVP). Given a (time) interval [t_0, t_f ] and interior points t_0 < t_1 < · · · < t_{f−1} < t_f , we seek differential variables y_1, algebraic variables y_2, and parameters p which minimize the least-squares function

(2) ‖r_1(y(t_0 ), . . . , y(t_f ), p)‖^2 = min

while satisfying the index 1 DAE (3) ẏ_1 = f(y_1 , y_2, p), 0 = g(y_1 , y_2, p), ∂g ∂y_2 non-singular

with multipoint boundary conditions

(4) r_2(y(t_0 ), . . . , y(t_f ), p) = 0.

In addition there may be a hierarchy of invariants due to index reduction, and possibly also invariants of the original index r DAE.

The parameters p appearing in the above formulation can be regarded as special differential variables (with derivative zero); for ease of presentation they will be dropped in the remainder of the paper, except when parameter identification is discussed.

A condition for the local uniqueness of a solution y^∗(t) ∈ IR^n = IR^{n1} × IR^{n2} of the boundary value problem can be given using the matrices

E_i = f∑ j=0 [ ∂r_i ∂y_1(t_j ) − ∂r_i ∂y_2(t_j )

Ĝ(t_j) ] V (t_j, t_0), i = 1, 2, E = ( E_1 E_2 ) ,

4 v. h. schulz, h. g. bock, and m. c. steinbach

where Ĝ(t) = g_{y2} (y^∗(t))^{−1}g_{y1} (y^∗(t)), and V satisfies the variational initial value problem

V̇ (t, t_0) = [f_{y1} (y∗(t)) − f_{y2} (y∗(t))Ĝ(t_j )]V (t, t_0), V (t_0, t_0) = I.

The solution is locally unique if E_2 has full rank ( ≤ n_1) and rank(E) = n_1. If E_2 has full rank and rank(E) < n_1, then the boundary value problem is underdetermined and may have multiple solutions in any neighborhood of y^∗. These conditions are a generalization of the uniqueness condition for DAE two-point BVP in [18] to the case of least-squares multipoint BVP. However, we restrict ourselves to the special case of semi-explicit DAE rather than treating fully implicit DAE.

For the numerical treatment of multipoint boundary value problems we apply a generalized Gauß-Newton iteration in connection with multiple shooting or collocation (see section 4). In the case of multiple shooting, the initial values on subintervals are in general inconsistent during the iteration, i.e., g(y^0 ) ≠ 0. As in [11] we maintain the initial level on each shooting interval by integrating a modified index 1 DAE with relaxed algebraic condition, and include the consistency condition g(y^0 ) = 0 at each node as interior point condition in the boundary value problem. These consistency conditions determine the algebraic variables, whereas continuity conditions are specified only for the differential variables.

Of course, the hierarchical invariants (higher index algebraic conditions) are in general also unequal zero at the nodes. However, since they are related to the index 1 condition, we can use these functions for stabilizing the IVP integration. This will be achieved by defining relaxed versions which depend on the specific local initial values; these relaxed versions remain zero during numerical IVP solution by maintaining the initial level of a hierarchical invariant.

Additional invariants of the original index r DAE are usually not invariants of the reduced index 1 formulation. But they provide useful information on the BVP solution, and are therefore included in the BVP formulation together with the consistency conditions for the hierarchical invariants.

In order to distinguish the different usage of invariants for numerical stabilization of IVP solution and BVP iteration, we call them initial value problem invariants and boundary value problem invariants, respectively.

Definition 2. (a) The initial value problem

(1a) ẏ_1 = f(y_1 , y_2), 0 = ĝ(y_1, y_2; t, t^0, y^0), y(t^0 ) = y^0 ,

is called a relaxation of the index 1 initial value problem

ẏ_1 = f(y_1 , y_2), 0 = g(y_1 , y_2), y(t^0 ) = y^0 , ∂g ∂y_2 non-singular,

if ĝ(y^0; t^0, t^0, y^0) ≡ 0, i.e., ĝ is consistent with arbitrary initial values (t^0, y^0), and ĝ(y; t, t^0, y^0) = g(y) + γ(t, t^0, y^0) with a differentiable function γ.

(b) A function ĥ(t, y; t^0, y^0) is called an initial value problem invariant of (1a), if

h(t, y(t; t^0, y^0); t^0, y^0) ≡ const

along any solution y(t; t^0, y^0) for arbitrary initial values (t^0, y^0).

(c) A function h̃(t, y) is called a boundary value problem invariant of (2–4) on interval [t_a, t_b], if h̃(t, y∗(t)) ≡ const on [t_a, t_b] exploiting invariants in dae boundary value problems 5

along the solution y^∗(t) of the BVP.

Remarks. It is not unusual for BVP invariants to apply on subintervals [t_a, t_b] ⊂ [t_0, t_f ] only, such as on constraint arcs or singular arcs. The role of the extended formulation of the algebraic condition in (1a) will be made clear in the examples given below. As a typical example for an extended formulation consider the relaxation

ĝ(y; t, t^0, y^0) := g(y) − g(y^0 )β(t − t^0),

which is consistent with any initial value y^0 in (1a) if the function β satisfies β(0) = 1. IVP invariants ĥ may then be, e.g., integrals of ĝ. Hierarchical invariants obtained from index reduction may always serve as both IVP invariants and BVP invariants.

It is well known that Baumgarte’s method [7] can be used to stabilize index 1 initial value problems resulting from index reduction of index 3 systems. However, Baumgarte’s method has the disadvantage that it depends sensitively on the choice of certain parameters in order to produce a stabilizing effect, and typically leads to a stiff system. The present paper demonstrates that one can obtain essentially the same stabilizing effect using projection methods, without having to deal with stiffness problems and critical parameters.

In the following section the problem classes and associated types of invariants are presented. In section 3 the numerical solution of DAE with IVP invariants and the computation of derivatives with respect to initial values and parameters are discussed. The principle of Internal Numerical Differentiation is generalized to the case of DAE with invariants, which can then be used for integration in the context of multiple shooting. In the fourth section basic features of multiple shooting and collocation are recalled. Section 5 presents generalizations of multiple shooting and collocation which include BVP invariants in the system of continuity and boundary conditions within the framework of a multistage optimization approach. Finally, the efficiency of the new approach is demonstrated by applying it to the parameter identification of a crank slider mechanism in descriptor form and to the optimal control problem of periodic cruise of a motor glider aircraft.

2. The problem classes. In this section the properties of the two boundary value problem classes treated in this paper are presented. IVP and BVP invariants are discussed in detail for multibody systems in descriptor form.

2.1. Hierarchical invariants in multibody systems in descriptor form. The dynamics of a holonomic multibody system in descriptor form is described by a DAE of index 3, M (p)p̈ = f(p, ṗ, t) − G^T (p)λ (5) 0 = g_p(p) (6) where G := ∂g_p/∂p is the derivative of the position constraint g_p, and M is the mass matrix which is known to be positive definite on the kernel of G. Using index reduction, i.e., repeated differentiation of g_p with respect to t, one obtains the constraints on velocity and acceleration level, g_v and g_a.

0 = g_v(p, ṗ) = G(p)ṗ (7) 0 = g_a(p, ṗ, p̈) = G(p)p̈ + ṗ^T ∂ ∂p G(p)ṗ (8)

6 v. h. schulz, h. g. bock, and m. c. steinbach

Equations (5) and (8) form a DAE of index 1. The original constraint (6) and its derivative (7) now play the role of invariants of orders 1 and 0, respectively, of the system. Such systems can be solved efficiently and stably by special techniques which exploit the inherent structure of the reduced system (cf., e.g., [12,16,1]).

Initial values (p_0, ṗ_0) are called consistent if they satisfy the constraints on velocity and position level. Initial values (p_0, ṗ_0, λ_0) are called consistent if there exists an initial acceleration p̈_0 such that all the equations (5–8) are satisfied. Note that the constraint on acceleration level, g_a, can always be satisfied choosing an appropriate λ. In case of nonlinear algebraic conditions, however, it is often recommendable to allow for free initial values of the algebraic variable, too. Naturally, during the solution process of boundary value problems, the initial values cannot be guaranteed to be always consistent. Therefore, in [11] a relaxation technique was introduced, which alters the DAE system in order to make arbitrary initial values (p_0, ṗ_0, λ_0) or (p_0, ṗ_0, p̈_0) consistent,

(9) ĝ_a(p, ṗ, p̈; p_0, ṗ_0, p̈_0, t) := g_a(p, ṗ, p̈) − g_a(p_0, ṗ_0, p̈_0) ĝ_v(p, ṗ; p_0, ṗ_0, p̈_0, t) := g_v(p, ṗ) − g_v(p_0, ṗ_0) − (t − t_0)g_a(p_0, ṗ_0, p̈_0) ĝ_p(p; p_0, ṗ_0, p̈_0, t) := g_p(p) − g_p(p_0) − (t − t_0)g_v(p_0, ṗ_0)

−^1_2 (t − t_0)^2g_a(p_0, ṗ_0, p̈_0)

Consistency of the original higher index constraints must then be assured via interior point conditions which are equivalent to the BVP invariants g_a = g_v = g_p = 0. For their treatment see section 5. Obviously, ĝ_v ≡ ĝ_p ≡ 0 are invariants of the initial value problem

(10) ( M (p) G(p)^T G(p) 0 ) ( p̈ λ ) = ( f(p, ṗ) −ṗ^{T ∂}_{∂p} G(p)ṗ + g_a(p_0, ṗ_0, p̈_0) ) , p(t_0) = p_0, ṗ(t_0) = ṗ_0 (and λ corresponding to the condition on ĝ_a).

Here p̈_0 may be chosen in order to produce a prescribed initial value λ_0. Vice versa, λ_0 may be chosen in order to produce a prescribed initial value p̈_0. In the latter case p̈_0 is replaced by λ_0 in the equations (9,10).

In addition to making arbitrary initial values consistent, damping can be introduced if the algebraic constraint (8) is replaced by a different relaxation,

(11) 0 = ḡ_a = g_a + 2αg_v + α^2g_p − β(p_0 , ṗ_0, p̈_0, t).

This approach, which is due to Baumgarte, has the following advantage. By definition,

g_a = g̈_p, g_v = ġ_p.

Therefore, (11) can be considered an ODE for Φ(t) := g_p. If the inhomogeneity β is chosen as [g_a(p_0, ṗ_0, p̈_0) + 2αg_v(p_0, ṗ_0) + α^2g_p(p_0)] exp(−α(t − t_0)), i.e., such that any initial values (p_0, ṗ_0, p̈_0) are consistent, then the solution is

Φ(t) := ( a_0 + a_1(t − t_0) + 1 2 a_2(t − t_0)^2 ) e^{−α(t−t0)} where exploiting invariants in dae boundary value problems 7

a_0 := g_p(p_0) a_1 := g_v(p_0, ṗ_0) + αg_p(p_0) a_2 := g_a(p_0, ṗ_0, p̈_0) + 2αg_v(p_0, ṗ_0) + α^2g_p(p_0)

(cf. [7,20]). Thus, one may either choose (11), or the condition

(12) g_a(p, ṗ, p̈) − Φ̈(t) = 0

as the relaxed algebraic constraint of type (1a). In [20] this alternative relaxation technique is introduced in order to cope with inconsistent initial values. In the light of definition 2 we see that the functions

ḡ_p := g_p − Φ(t), ḡ_v := g_v − Φ̇(t)

become IVP invariants. Boundary value problem invariants are g_a = g_v = g_p = 0. Note that the choice of (12) avoids stiffness in the system, which would occur in formulation (11) when large positive values of α are chosen.

2.2. Parameter estimation for multibody systems in descriptor form. The parameter estimation task is to identify unknown system parameters θ, such as masses, moments of inertia, damping and stiffness coefficients, etc., from given measured data of the state history. The measured data are assumed to be perturbed values of functions ϕ_i of an exact solution of the system equations, η_{i,j} = ϕ_i(y(t_j ), θ) + ε_{i,j} (y includes p, ṗ, λ), with measurement errors distributed according to a normal distribution with mean value 0 and known variances σ^2_{i,j}. A Maximum Likelihood estimator for the parameters is the minimizer of the weighted output functional

min_{y,θ} ℓ_2(y, θ) := ∑ i,j σ^{−2}_{i,j} (η_{i,j} − ϕ_i(y(t_j ), θ))^2.

This functional is minimized subject to the model DAE and additional boundary conditions. The resulting problem is an overdetermined multipoint boundary value problem. After discretization by multiple shooting or collocation this leads to a nonlinear, constrained least squares optimization problem of the form (2–4). There are efficient methods available for this problem class, for example [10,11,33,34].

2.3. Hierarchical invariants in optimal control problems. When Pontryagin’s maximum principle is applied to optimal control problems, singular controls or state constraints may lead to higher index algebraic conditions. (Cf., e.g., [14,23,8]). (A singular control of order k has index 2k + 1, and a state constraint of order k has index k + 1.) Index reduction then produces a hierarchy of invariants. Consider an autonomous optimal control problem for ODE

(13) ẏ = f(y, u) on [t_0, t_f ].

The aim is to minimize ϕ(y(t_f ), t_f )

8 v. h. schulz, h. g. bock, and m. c. steinbach subject to boundary conditions r(y(t_0 ), y(t_f ), t_f ) = 0.

Let u^∗ be an optimal control and y^∗, λ^∗ optimal state and costate vectors. According to the maximum principle the Hamiltonian H(λ, y, u) = λ^T f(y, u) is maximized point-wise by u^∗(t) along (λ^∗(t), y^∗(t)) almost everywhere, (14) H(λ^∗(t), y^∗(t), u^∗(t)) = max_{v∈Ω} H(λ^∗(t), y^∗(t), v). Here Ω denotes the set of admissible control values, and the costates λ satisfy the adjoint equations (15) λ̇^T = −λ^T f_y(y, u) and (for some multiplier α) the transversality conditions λ(t_0)^T = α^T r_{y0} (y(t_0 ), y(t_f ), t_f ), −λ(t_f )^T = α^T r_{yf} (y(t_0), y(t_f ), t_f ) + ϕ_y(y(t_f ), t_f ), H(t_f ) = α^T r_{tf} (y(t_0 ), y(t_f ), t_f ) + ϕ_t(y(t_f ), t_f ).

(Note that the controls u are the algebraic variables here, while states and costates x, λ are both differential variables.)

It is a well-known fact that from (13–15) follows H(λ(t), y(t), u(t)) = const_1 = H(t_f ) along the solution (λ^∗, y^∗, u^∗). In addition, one easily shows that H(λ(t), y(t), u(t)) = const_2(λ^0, y^0) for any y, λ solving (13,15) for arbitrary initial values (λ^0, y^0) when u^∗ is determined according to (14), i.e., (16) u^∗(λ, y) = arg max_{v∈Ω} H(λ, y, v). In the following we will consider the two most important special cases.

(1) The Hamiltonian is regular, i.e., H_{uu} > 0, and u^∗(t) ∈ int(Ω) almost everywhere. Then (16^′) H_u(λ, y, u^∗) = 0 follows from (16). The satisfaction of this algebraic condition for u^∗ implies that the Hamiltonian H is an IVP invariant for the canonical system (13,15).

exploiting invariants in dae boundary value problems 9

(2) The Hamiltonian is singular, i.e., the control appears linearly in H (consider a scalar control u ∈ [−1, +1] only), H(λ, y, u) = λ^T (p(y) + s(y)u) = P (λ, y) + S(λ, y)u. The switching function S(λ, y) determines the behavior of the optimal control on bang-bang arcs (S ≠ 0). From the maximum principle (14) follows

(a) if S(λ, y) < 0 then u^∗ = −1, (b) if S(λ, y) > 0 then u^∗ = +1.

Obviously, H(λ, y, u^∗(λ, y)) is an IVP invariant if y, λ solve (13,15) and u^∗ is given by (a), (b). If (c) S(λ, y) ≡ 0 on some interval [t_a, t_b], then u^∗ is not determined by the maximum principle and u is called singular. However, from (c) follows S^i(λ, y, u) = ( d dt )_i S(λ, y) ≡ 0, i = 0, 1, . . . It is easy to show that ∂S^1 /∂u ≡ 0. Assume for simplicity that the singular control has index 3 (equivalent to order 1),

(17) ∂ ∂u S^2(λ, y, u) ≠ 0, and hence u^∗ can be determined from the algebraic constraint

(18) S^2(λ, y, u) = 0.

In that case the functions S^2, S^1, S^0 yield a system of algebraic equations and IVP invariants which may be formulated in a relaxed form according to system (11),

S^0 (λ, y) − S^0 (λ(t_a), y(t_a)) − (t − t_a)S^1 (λ(t_a), y(t_a)) = Ŝ^0 ≡ 0, S^1 (λ, y) − S^1 (λ(t_a), y(t_a)) = Ŝ^1 ≡ 0,

are IVP invariants for system (13,15) if u^∗ is chosen consistent according to (18). Note that in this case the Hamiltonian is a BVP invariant along the optimal solution of the BVP, but H is not an IVP invariant on [t_a, t_b] as long as S^0 , S^1 and possibly S^2 are inconsistent.

Remark. If in addition a state constraint g(y(t)) ≥ 0 of index k + 1 (order k) is active along some subinterval [t_a, t_b], then index reduction analogously leads to IVP invariants ĝ^0, . . ., ĝ^{k−1}, plus an algebraic condition ĝ^k ≡ 0 that determines u^∗.

3. Initial value problems with invariants. The numerical solution of IVP is a core task for multiple shooting codes to solve boundary value problems. If these IVP are solved exactly, invariants are preserved. Due to discretization errors the so called drift phenomenon can be observed as it is widely discussed mainly in the multibody community (cf., e.g., [1,2,5,12,16,17]). Again we consider semi-explicit DAE of the form (1), which may have IVP invariants according to our definition. In initial value

10 v. h. schulz, h. g. bock, and m. c. steinbach

problems, a valuable technique to improve the solution accuracy in the presence of invariants is the projection of the numerical solution onto the invariant manifold. In this section this technique is investigated and incorporated in the numerical computation of derivative matrices.

3.1. Invariant conservation by projection. The basic algorithm for the numerical solution of IVP for DAE with invariants using projection is (in the time step t_{k−1} to t_k):

1. discretize and solve the given DAE system; obtain the trajectory value ỹ^k 2. project to satisfy the invariant, i.e. solve the optimization problem

min_{yk} ‖y^k − ỹ^k‖^2_w

s. t. h(t_k, y^k; t^0, ξ) = 0, ξ = y(t^0),

where ‖·‖_w denotes a weighted norm derived from a scalar product. This optimization subproblem may be solved by a generalized Gauß-Newton iteration [10].

A careful convergence analysis shows that in many cases one iteration is sufficiently accurate to project ỹ^k onto the invariant manifold. For ease of notation we will only consider this special case in the present paper (for a more thorough discussion see [2,16]). This first iteration may be written in terms of the Moore-Penrose pseudoinverse,

y^k := ỹ^k − [ ∂h ∂y (t_k, ỹ^k; t^0, ξ)

]_+ h(t_k, ỹ^k; t^0, ξ). If the scalar product—i.e., the scaling—used for the projection and the local error criterion are compatible, then the following equation is valid up to first order (for details cf. [16,2]):

‖ỹ^k − y(t_k )‖^2_w .= ‖ỹ^k − y^k‖^2_w + ‖y^k − y(t_k)‖^2_w.

(Here y(t) denotes the exact solution.) Hence the projected numerical solution y^k not only satisfies the constraints more accurately, it is also more accurate in general.

3.2. Internal Numerical Differentiation for DAE. In order to solve boundary value problems, not only trajectory values are needed but also their derivatives with respect to initial values and parameters.

Lemma 2. The derivative of the solution of the relaxed DAE (1a) with respect to the initial values y^0 , the Wronskian

W (t, t^0) := ( W_1(t, t^0) W_2(t, t^0) ) := ∂ ∂y^0 y(t; t^0, y^0),

satisfies the variational DAE

Ẇ_1 = f_yW, W (t0, t0) = I,

0 = ĝ_yW + ĝ_y0 .

Proof. This follows from the construction of the relaxed algebraic equation ĝ according to definition (2a).

When computing the derivatives of the solution of a DAE with respect to initial values and possibly parameters, one observes that this solution itself is the result of exploiting invariants in dae boundary value problems 11

an intricate adaptive discretization algorithm in the course of the integration. Two different ways are considered.

(1) The differentiation of the whole numerical integration procedure (either by forward differences or analytically as, for instance, by automatic differentiation), which we call external numerical differentiation (END).

END treats the numerical solution procedure for an initial value problem as a black box process. Therefore, its derivative approximations are severely influenced by adaptive components, which may also cause nondifferentiabilities and discontinuities of the numerical solution. The latter result from step size and order selection, pivoting in linear system solutions, Newton-type iteration steps due to projections, implicit schemes, switching point location etc. Hence, the results of END are in general meaningless or highly inaccurate, at least for less stringent tolerances.

(2) In contrast, the principle of Internal Numerical Differentiation (IND) is to compute the derivative only of the discretization scheme approximating the DAE initial value problem (again either by forward differences or analytically). This approximate scheme is generated by an adaptive procedure. The resulting adaptive components of the numerical integration procedure, however, are not differentiated.

The adaptive procedure (and the discretization) must be chosen such that the discretization scheme approximates with the desired accuracy not only the solution but also its derivatives. It should also be chosen such that the derivative calculation is as efficient as possible. Since the exact derivative of an approximate problem solution is computed, IND is stable in the sense of backward analysis and yields useful derivatives even for coarse approximation accuracies. Step and order selection are not differentiated, iterative procedures are reformulated and reinterpreted to allow for application of the implicit function theorem. Since intermediate coefficients, matrices, decompositions etc. are used both for the computation of the solution and its derivatives, high computational savings may be gained. Details for various integration methods are given, e.g., in [9,10]).

3.3. IND for linearly implicit DAE in multibody systems. Relaxed index reduced multibody systems in descriptor form may be written as linearly implicit DAE of index 1,

B(y_1) ( ẏ_1 y_2 ) = f(y_1 ; t, t^0, y^0), B(y_1 ) non-singular.

In order to compute the derivatives of the solution with respect to the initial values by external differentiation one would have to compute B^{−1} many times. This would be expensive and also lead to instabilities due to pivoting, roundoff errors, etc. A possible way to generate a stable, efficient and accurate way of IND by forward differences may be derived observing three IVP, which lead to analytically but not numerically equivalent derivative calculations.

Lemma 3. The following three initial value problems for linearly implicit DAE of index 1 have the same variational DAE:

(a) B(y_1 ) ( ẏ_1 y_2 ) = f(y_1 ; t, t^0, y^0), y(t^0) = y^0

(b) B(y_1 ) ( η̇_1 η_2 ) = f(η_1 ; t, t^0, η^0) + [B(y_1) − B(η_1)] ( ẏ_1 y_2 ) , η(t^0) = η^0 = y^0 , y = solution of (a)

(c) B(y_1 ) (˙ δ_1 δ_2 ) = [f(y_1 + δ_1 ; t, t^0, y^0 + δ^0) − f(y_1 ; t, t^0, y^0_1 )] + [B(y_1 ) − B(y_1 + δ_1 )] ( ẏ_1 y_2 ) ,

12 v. h. schulz, h. g. bock, and m. c. steinbach

δ(t^0) = δ^0 = 0, y = solution of (a) These three different formulations can be used to generate an appropriate variational scheme for a given discretization of the DAE. Thus, e.g., for a Runge-Kutta or polynomial extrapolation method one may obtain the following algorithm for the computation of the Wronskian by a finite difference approximation in integration step k:

(1) compute all stages of the discretized nominal trajectory ỹ^{k+1} by DAE (a), (2) compute a varied step η^{k+1}_i from η^k_i := ỹ^{k+1} + ε_ie_i by DAE (b) using the same discretization scheme and replacing y_1, ẏ_1 and y_2 by the results of (a) in all stages.

(3) calculate W̃^{k+1}e_i = (η^{k+1}_i − ỹ^{k+1})/ε_i and from this W^{k+1} = W̃^{k+1}W^{k+1}. Analogously, it is possible to use DAE (c) to compute directional derivatives of the discrete solution of the DAE (a) directly, which is less prone to roundoff. Both variants (b) and (c) offer the advantage that repeated factorizations of the matrix B are avoided. For multistep methods as described in [2,16] the situation is slightly more complicated. In case of automatic differentiation the differences in square brackets in (b) and (c) may be replaced by directional derivatives.

3.4. IND for DAE with invariants. The application of the principle of Internal Numerical Differentiation for DAE of index 1 with invariants, which are solved by invariant projection, is based on the following theorem.

Theorem 1. If the solution of DAE (1a) satisfies an initial value problem invariant h(t, y; t^0, y^0) ≡ 0, then its Wronskian satisfies the IVP invariant

h_y(t, y; t^0, y^0)W (t, t^0) + h_y0 (t, y; t^0, y^0) ≡ 0.

Proof. Differentiate h.

Since one needs h_y for both the projections onto {y ∈ IR^n | h(t, y; t^0, y^0) = 0} and onto {W ∈ IR^{n×n} | h_y(t, y; y^0)W (t, t^0) + h_y0 (t, y; t^0, y^0) = 0} for the derivative, both operations may be coupled. The following algorithm for one-step integration methods generalizes the principle of Internal Numerical Differentiation to the projection onto invariants. Start:

input initial values t^0, ξ = y^0 Integration step: t_k → t_{k+1}

(1) compute y^{k+1} as the result of one integration step of the DAE (1a) (2) compute W̃^{k+1} with the same integration scheme as y^{k+1} (or consistent alternatives for linearly implicit DAE) as the derivative of the one step scheme (3) multiply W^{k+1} = W̃^{k+1}Ŵ^k (4) compute H_{k+1} := h_y(t^{k+1}, y^{k+1}; t^0, ξ) (5) project:

ŷ^{k+1} = y^{k+1} − H^+_{k+1}h(t^{k+1}, y^{k+1}; t^0, ξ) Ŵ k+1 = W k+1 − H^+_{k+1}[H_{k+1}W k+1 + h_ξ ] In this way the knowledge of an initial value problem invariant can be used to stabilize the computation of both the solution and its derivatives by IND.

4. Boundary value problems. There are two main numerical solution methods for boundary value problems in ODE and DAE: multiple shooting and collocation. Their basic properties are briefly summarized.

4.1. Multiple shooting for DAE. First we recall the multiple shooting method for ODE. It is based on the solution of initial value problems on the subintervals exploiting invariants in dae boundary value problems 13

of an appropriately chosen mesh

(19) π : t_0 = τ_1 < . . . < τ_{m−1} < τ_m = t_f .

The state variables on every subinterval are replaced by the computed solution y^π (t; y^j ) of the initial value problems

ẏ^π (t) = f(t, y^π (t)), t ∈ [τ_j, τ_{j+1}], y^π (τ_j) = y^j .

Thus, the ODE boundary value problem is transformed to the finite dimensional nonlinear system of equations

(20) c_j := y^π (τ_{j+1}; y^j ) − y^{j+1} = 0, j = 1, . . . , m − 1 (continuity conditions) (21) r_2(y^1 , . . . , y^m) = 0 (boundary conditions)

This method can be generalized to index 1 DAE of the form (1) if one uses only y^1 , . . . , y^m_1 as the independent variables and regards the DAE in principle as the ODE ẏ_1 = f(y_1 , y_2(y_1)). In this case the local initial value problems are well defined for all initial values y_1. However, the initial values for y_2 must then always be kept consistent, which is advisable only in the case when algebraic variables appear linearly in the algebraic constraint. In highly nonlinear algebraic equations which appear, e.g., in chemical applications, or in parameter estimation problems when parameters in the algebraic conditions are unknown, it may be unwise or even impossible to always require algebraic variables consistent with the algebraic constraints, especially when the complexity of generating and maintaining consistent algebraic variables is high. Therefore our multiple shooting method for DAE boundary value problems is based on the relaxed formulation (1a), permitting local initial values which are inconsistent with the original index 1 condition during the iteration,

ẏ^π_1 (t) = f(t, y^π_1 (t), y^π_2 (t)), t ∈ [τ_j, τ_{j+1}],

0 = g(y^π_1 (t), y^π_2 (t)) − g(y^j_1 , y^j_2).

y^π_1 (τ_j) = y^j_1

The algebraic variables y^j_2 are determined by (interior point) conditions at all nodes,

g(y^j_1 , y^j_2) = 0,

whereas continuity conditions are specified for the differential variables y^j_1 only. Hierarchical invariants resulting from index reduction are used in the integration of the local initial value problems, as described in the previous sections.

4.2. Collocation for DAE. An alternative to multiple shooting is collocation. Collocation is based on the approximation of the solution of the ODE by a piecewise polynomial of degree k on a mesh. One requires that the approximative solution satisfies the ODE on a subdivision of this mesh, the collocation points. These are defined by linear transformation of a given set of points 0 ≤ ρ_1 < · · · < ρ_k ≤ 1 into the mesh intervals, t_{jl} = t_j + ρ_l(τ_{j+1} − τ_j ), l = 1, . . . , k. Additionally, the approximate solution has to be continuous at the mesh points and has to satisfy the boundary

14 v. h. schulz, h. g. bock, and m. c. steinbach

conditions. Again, this method transforms the ODE boundary value problem to a finite dimensional nonlinear system of equations,

ẏ^π (t_{jl}; y^j, z^j) = f(t_{jl}, y^π (t_{jl}; y^j , z^j), (collocation conditions) y^π (τ_{j+1}; y^j , z^j) − y^{j+1} = 0, j = 1, . . . , m − 1 (continuity conditions)

r_2(y^1 , . . . , y^m) = 0 (boundary conditions)

where z^j are local collocation variables, and y^π denotes now the local polynomial solution within the mesh subintervals. The solution of this system of equations can also be regarded as the solution of a multiple shooting method, in which the local integration is performed by a one step integration of an implicit Runge-Kutta method.

The generalization to DAE (1) can be done in two ways. One way is to use only the differential variables as independent variables and to reduce the DAE again to the ODE ẏ_1 = f(y_1 , y_2(y_1)). For DAE which are nonlinear with respect to the algebraic variables this is not efficient since it involves internal iterations within the collocation scheme. For such DAE it is preferable to satisfy the algebraic constraint only at the solution of the BVP, i.e., to replace the collocation conditions at each collocation point by the conditions

ẏ^π_1 (t_{jl}; y^j , z^j) = f(t_{jl}, y^π_1 (t_{jl}; y^j , z^j), y^{jl}_2 ),

0 = g(y^π_1 (t_{jl}; y^j , z^j), y^{jl}_2 ), j = 1, . . . , m − 1, l = 1, . . ., k, and to solve these conditions iteratively in the same way as the collocation conditions in the ODE case. Continuity conditions are again only specified for the differential variables.

5. Elimination of continuity conditions. The following considerations are based on the assumption that it is desirable to exploit the explicit knowledge of boundary value problem invariants. The requirements of satisfying the DAE and the invariants formally overdetermine the solution of the BVP. Both multiple shooting and collocation are based on a finite dimensional discretization of the solution of the DAE boundary value problem. Both have in common the explicit requirement of the continuity condition y^π_1 (τ_{j+1}; y^j [, z_j]) − y^{j+1}_1 = 0

This common feature will be used in the multistage least squares approach below.

5.1. A multistage least squares approach. The linearized discretized system of boundary, continuity, and possibly collocation conditions may be ill-conditioned due to error propagation introduced by the continuity conditions. This may be the case especially in coupled nonlinear systems with both rapidly increasing and rapidly decreasing components which lack sufficient dichotomy properties. Thus, it appears desirable to exploit the explicit knowledge about some solution components which is present in the BVP invariants, and to require continuity only of those components within the invariant subspace.

The decision above, to rank the invariant condition higher than the formally equivalent components of continuity conditions, naturally leads to the requirement h(t, y^∗(t)) ≡ 0, or weaker, for appropriate nodes τ_j ,

(22) h(τ_j, y^∗(τ_j )) = 0.

exploiting invariants in dae boundary value problems 15

Remark. Note that the only type of invariants treated throughout this section are BVP invariants, which do not depend explicitly on the initial values.

For the sake of clarity of the presentation we assume in the following that the invariants do not depend on the algebraic variables, which is of course true for hierarchical invariants resulting from index reduction. The more general case that algebraic variables also appear in the BVP invariants can be treated numerically in various ways that are all interpretable in the multistage least-squares framework described below. For instance, the use of the algebraic index 1 conditions to eliminate the algebraic variables from the invariants can be viewed as using another type of generalized inverse for the invariant projection. On the other hand, applying orthogonal transformations to the composite Jacobian of both invariants and algebraic conditions leads to a Moore-Penrose inverse and an invariant projection in the full (y_1, y_2)-space. In this case we have to formally include continuity conditions for the algebraic variables.

Together with the continuity conditions, conditions (22) are formally overdetermined yet redundant, at least at the solution trajectory of the BVP. For overdetermined systems a multistage least squares approach was introduced in [10,33,11], which can be outlined as follows.

• Choose a ranking of the conditions (rank 1, rank 2, . . .) • satisfy conditions of rank k as well as possible using the degrees of freedom left by conditions of rank 1, . . . , k − 1

A general form of a nonlinear multistage least squares problem is

‖f_k(x)‖^2 = min_{x∈Xk} (k)

subject to ‖f_{k−1}(x)‖^2 = min_{x∈Xk} �1 (k − 1) . . subject to ‖f_1(x)‖^2 = min_{x∈X1} (1)

where X_1 = IR^m and X_i = {x ∈ X_{i−1} | ‖f_i(x)‖^2 = min} for i = 2, . . ., k.

This problem class includes overdetermined least squares problems with equality constraints. The nonlinear problem is solved iteratively by a generalized Gauß-Newton method, x^{l+1} = x^l + α^lΔx^l, where Δx^l solves the linearized problem

‖J_kΔx + f_k‖^2 = min_{Δx∈Yk} (k)

subject to ‖J_{k−1}Δx + f_{k−1}‖^2 = min_{Δx∈Yk} �1 (k − 1) . . subject to ‖J_1Δx + f_1‖^2 = min_{Δx∈Y1} (1)

Here f_i = f_i(x^l), J_i = ∂f_i(x^l)/∂x, and Y_i are the tangential spaces to the manifolds X_i at x^l. Abbreviating J^T = (J^T_k , . . . , J^T_1 ) and f^T = (f^T_k , . . . , f^T_1 ), the linear system can be rewritten as JΔx^l + f ∼= 0. According to [10,33] there is a generalized inverse J^+ (satisfying J^+ JJ^+ = J^+) such that Δx^l = −J^+ f. Therefore the convergence theory for generalized Gauß-Newton methods applies (cf. [10,33]).

16 v. h. schulz, h. g. bock, and m. c. steinbach

For the practical realization of the multistage approach one has to be more specific about the ranking. The ranking proposed here is: rank 1: boundary value problem invariants rank 2: continuity and multipoint boundary conditions, recursively nested, rank 3: least squares conditions (in parameter estimation problems) This ranking results in a reformulation of the local continuity conditions. At nodes τ_j , where BVP invariants are to be satisfied, the following local least squares problems have to be solved:

(23)

‖y^π_1 (τ_j ; y^{j−1}[, z^{j−1}]) − y^j_1‖^2 = min_{yj} 1 s.t. h(τ_j ; y^j_1) = 0.

This formulation is equivalent to the orthogonal projection of the continuity conditions onto the invariant manifold.

In the case of collocation, the linearization of the collocation and consistency conditions ẏ^π_1 (t_{j−1,l}; y^{j−1}, z^{j−1}) − f(t_{j−1,l}, y^π (t_{j−1,l}; y^{j−1}, z^{j−1}), y^{j−1,l}_2 ) = 0 g(y^π (t_{j−1,l}; y^{j−1}, z^{j−1}), y^{j−1,l}_2 ) = 0 is used as pre-condensation; it eliminates z^{j−1} to yield exactly the same problem structure as in multiple shooting (cf. [3]).

Linearizing (23) at y^{j−1} leads to the local linear least squares problems

(24)

‖W^j_1 Δy^{j−1} − Δy^j_1 + c_j‖^2 = min_{Δyj} 1 s.t. H_jΔy^j_1 + h_j = 0,

where H_j := ∂h(t_j ; y^j_1)/∂y_1, h_j := h(t_j , y^j ),

and c_j denotes y^π_1 (t_j ; y^{j−1}[, z^{j−1}])−y^j_1. Using an orthogonal factorization of the matrix H^T_j ,

H^T_j = (Y_j , Z_j) ( L^T_j 0 ) := Q_j ( L^T_j 0 ) , Q^T_j Q_j = I, one obtains a linear system which is equivalent to (24)

Z^T_j W^j_1 Δy^{j−1} − Z^T_j Δy^j_1 + Z^T_j c_j = 0, H_jΔy^j_1 + h_j = 0.

This system replaces the usual continuity conditions at each node. Transforming the state variables such that Δy^j_1 = Y_jd^j_Y + Z_j d^j_Z

yields partial solution, d^j_Y = −L^{−1}_j hj,

exploiting invariants in dae boundary value problems 17

and one obtains the projected continuity conditions

Z^T_j W^j_1 Z_{j−1}d^{j−1}_Z − d^j_Z = −Z^T_j c_j + Z^T_j W^j_1 Y_{j−1}L^{−1}_{j−1}h_{j−1}.

Since in this way some of the variables are eliminated from the system a priori, the condition number for the system of invariants and projected continuity conditions may be expected to be better than the original one, which is investigated in the next section and confirmed by the numerical applications.

Applying the convergence theory in [10] it can be shown that the iterative scheme is linearly convergent with a convergence rate κ = O(local discretization error).

Remark. Ascher and Petzold [4] suggest a related approach based on a projected collocation method for two-point BVP for DAE of higher index, which is not derived from the multistage optimization principle. A generalization to parameter identification problems is not considered.

5.2. The influence of invariant projection on the matrix conditioning. In the case of differential equations with rapidly decreasing and increasing components but poor dichotomy properties, extremely ill-conditioned boundary value problems may arise. This situation must be expected, e.g., in practical applications of optimal control, where the canonical system of state and adjoint equations (13,15) exhibits strongly increasing and decreasing components. Dichotomy, however, does often not exist since the control is determined by the algebraic equations (16, 16^′) or, in the singular control case, by (18), and thus introduces a strong coupling between states and adjoints (see, e.g., [32]). For investigations of the relation of dichotomy properties and the conditioning of boundary value problems we refer to [22] in the ODE case and to [28] in the DAE case. Here we are concerned with the conditioning of the discrete boundary value problem, i.e., the conditioning of the shooting matrix.

In the following we consider a model problem with an order k invariant h^k(t, y(t)) according to definition 1, which leads to a hierarchy of order l invariants h^l(t, y(t)) = (d/dt)^{k−l}h^k(t, y(t)), l ∈ {0, . . . , k}. The combined invariant h = (h^0, . . ., h^k) = 0 is assumed to be nondegenerate (i.e., ∂h(t, y)/∂y has full rank) in a neighborhood of the solution trajectory; we enforce it by an initial condition

(25) h(t_0, y(t_0)) = 0.

We further assume multipoint boundary conditions which together with (25) and the multiple shooting continuity conditions have a non-singular Jacobian in a neighborhood of the solution (which is therefore unique). Now we compare the conditioning of the Jacobian for a multiple shooting system using continuity conditions for all state variables to that of a system which enforces the BVP invariant h = 0 by projection at all nodes as proposed in the multistage approach above. For the sake of brevity we restrict the analysis to ODE with a hierarchy of invariants. Choosing the shooting mesh according to (19), with discretization variables y^1, . . . , y^m, this yields the shooting system (20,21) augmented by (25), i.e., h(τ_1, y^1) = 0 in the discrete variables. This explicit initial condition for invariants (25) is just a means to simplify the presentation here. In the general case boundary conditions (21) implicitly include conditions on the invariants.

In the following we will use the orthogonal splitting into “vertical” subspaces im(Y_j ) and “horizontal” subspaces im(Z_j ) = ker(H_j) to examine the influence of

18 v. h. schulz, h. g. bock, and m. c. steinbach

invariant projection on the shooting matrix

Ā :=

H_1 0 . . . 0 0 B_1 B_2 . . . B_{m−1} B_m G_1 −I G_2 −I .. . .. . G_{m−1} −I

.

Here G_j := W^{j+1}(τ_{j+1}, τ_j) ≡ W^{j+1}_1 (τ_{j+1}, τ_j) (cf. Lemma 2) are the ODE Wronskian matrices and B_j := ∂r_2/∂y^j are the derivatives of boundary conditions r_2. By multiplication with diag(Q_1, I, . . . , I) from the right we obtain the orthogonally transformed matrix

A :=

L_1 0 0 . . . 0 0 B^Y_1 B^Z_1 B_2 . . . B_{m−1} B_m G^Y_1 G^Z_1 −I G_2 −I .. . .. . G_{m−1} −I

,

which has the same condition as Ā. Now define matrices

H̃_1 := (L_1 0), H := diag(H̃_1, H_2, . . . , H_m) = LY T ,

L := diag(L_1, L_2, . . ., L_m), Ỹ_1 := (I 0), Y := diag(Ỹ_1, Y_1, . . . , Y_m),

Z̃_1 := (0 I), Z := diag(Z̃_1, Z_2, . . . , Z_m).

The following lemma shows that Y^T AZ = 0, so that the orthogonally transformed shooting matrix (Y Z)^T A(Y Z) has the decoupled form

L_1 G^{Y Y}_1 −I .. . .. . G^{Y Y}_{m−1} −I B^Y_1 . . . B^Y_{m−1} B^Y_m B^Z_1 . . . B^Z_{m−1} B^Z_m G^{ZY}_1 G^{ZZ}_1 −I .. . .. . .. . G^{ZY}_{m−1} G^{ZZ}_{m−1} −I

,

B^Y_j := B_j Y_j,

B^Z_j := B_j Z_j ,

G^{Y Y}_j := Y^T_{j+1}G_jY_j

= L^{−1}_{j+1}L_j ,

G^{ZY}_j := Z^T_{j+1}G_jY_j,

G^{ZZ}_j := Z^T_{j+1}G_jZ_j ,

Lemma 4. Consider the linearized MPBVP along a solution trajectory. Then the horizontal space ker(H) = im(Z) is an invariant subspace of A, i.e., im(AZ) ⊂ im(Z).

Proof. A direct, block-wise calculation of AZ shows that the assertion follows from im(G_j Z_j ) ⊂ im(Z_{j+1}) = ker(H_{j+1}) for j ∈ {1, . . ., m − 1}. We consider a single interval I_j = [τ_j, τ_{j+1}] and proceed by induction over the order of the invariant.

(a) Consider an IVP invariant h^0 of order zero, satisfying

0 ≡ h(t, y(t; τ_j , y^j ); τ_j, y^j ) := h^0(t, y(t; τ_j , y^j )) − h^0(τ_j , y^j ) exploiting invariants in dae boundary value problems 19

along the DAE solution y(t; τ_j , y^j ). Since y(τ_{j+1} ; τ_j, y^j ) = y^{j+1} , we have from theorem 1 0 ≡ h^0_y(τ_{j+1}, y^{j+1})G_j − h^0_y(τ_j , y^j ) = H^0_{j+1}G_j − H^0_j .

This yields H^0_{j+1}G_jZ_j = H^0_j Z_j = 0, and hence im(G_jZ_j ) ⊂ ker(H^0_{j+1}).

(b) Now consider a hierarchy of invariants h^0, . . . , h^k of respective orders 0, . . ., k, satisfying

0 ≡ h^k(t, y(t; τ_j , y^j )) − h^k(τ_j , y^j) − k−1∑ l=1 β^l (t − τ_j )h^l(τ_j , y^j)

with suitable functions β^l . Denoting H^l_j := h^l_y(τ_j , y^j ), H_j = h_y(τ_j , y^j) is composed row-wise from blocks {H^l_j}^k_{l=0}. Theorem 1 yields

0 ≡ H^k_{j+1}G_j − H^k_j − k−1∑ l=1 β^l(τ_{j+1} − τ_j)H^l_j .

Since ker(H_j) = ⋂_k l=0 ker(H^l_j), one obtains H^k_{j+1}G_jZ_j = H^k_j Z_j + ∑ β^lH^l_jZ_j = 0 and hence im(G_jZ_j ) ⊂ ker(H^k_{j+1}). By induction, we also have im(G_j Z_j ) ⊂ ker(H^l_{j+1}) for all l < k. Thus, im(G_jZ_j ) ⊂ ker(H_{j+1}) = im(Z_{j+1}), which concludes the proof.

Ill-conditioning of the multiple shooting type matrix A^{Y Y} := Y^T AY is a possible reason for numerical instabilities in the solution of the full system. It is well-known that the propagated error does not grow if A^{Y Y} can be interpreted as a discretization of differential equations with decreasing components, or, in other words, that the matrix products G^{Y Y}_j . . . G^{Y Y}_1 = L^{−1}_{j+1}L_1 do not grow with j. One way of ensuring this is to use Baumgarte stabilization. More generally, the subsystem can also be stably solved if the differential equations exhibit dichotomy and the invariant is enforced by an appropriate boundary condition instead of the initial condition.

In the critical cases considered in this paper it is not very likely that such dichotomy properties exist and that appropriate boundary conditions are specified. Rather, one would even expect the invariant conditions to be imposed on the initial values (or, e.g., on entry points of singular arcs) in order to reduce the degrees of freedom as described in [11]. However, invariant projection according to the multistage least squares approach (cf. (23,24), with y^j ≡ y^j_1) means replacing A^{Y Y} by the equivalent block-diagonal system L = L_1 .. . L_m .

This system decouples the determination of the vertical components at different multiple shooting nodes and thus eliminates error propagation due to the continuity conditions. Of course, the expected improvement in the conditioning of the subsytem depends on the well-conditioning of the matrices H_j or L_j , respectively, i.e., a proper formulation of the invariants. The following theorem shows that the remaining system A^{ZZ} = Z^T AZ, which operates only on the invariant subspace, has indeed a reduced condition number as compared to the full original system A. Numerical evidence given in the applications below strongly supports this theoretical result.

Theorem 2. Consider the linearized MPBVP along a solution trajectory. Then cond_2(Z^TAZ) ≤ cond_2(A).

20 v. h. schulz, h. g. bock, and m. c. steinbach

Proof. According to lemma 4, the solution property of the trajectory implies that the horizontal space ker(H) = im(Z) is an invariant subspace of A. Lemma 5 will show that projection onto an invariant subspace reduces the condition number of a matrix, which concludes the proof of the theorem.

Remark. Note that the non-singularity of the original shooting matrix Ā and of the block-diagonal matrix L imply the equivalence of the original BVP formulation with the formulation modified by the invariant projection. (This equivalence is taken for granted throughout this paper.) Both formulations have locally unique solutions, and these are identical since the solution of the original BVP satisfies the invariants.

Lemma 5. Consider the linear equations

Ax = a in IR^n and Z^TAZz = Z^T a in IR^k, 0 < k ≤ n,

where A is non-singular and Z is an isometry of IR^k with an invariant subspace of A. Then cond_2(Z^TAZ) ≤ cond_2(A).

Proof. Since Z is isometric we have Z^T Z = id, and ZZ^T is the orthogonal projection onto im(Z). Therefore the invariant subspace property im(AZ) ⊂ im(Z) implies (Z^TAZ)^T (Z^TAZ) = Z^T A^T (ZZ^T )AZ = Z^T (A^TA)Z = (AZ)^T (AZ) > 0. Hence it suffices to prove the assertion for the symmetric, positive definite matrix S = A^TA, since

cond_2(A) = σ_{max}(A) σ_{min} (A) = √ λ_{max} (S) λ_{min} (S) = √ cond_2(S).

(Here σ_{max} > σ_{min} > 0 and λ_{max} > λ_{min} > 0 are the maximal and minimal singular values and eigenvalues, respectively.) Now denote by S(k), S(n), S^∗(k) ⊂ S(n) the unit spheres in IR^k, IR^n, and in the k-dimensional subspace im(Z) ⊂ IR^n, respectively. Then we have

λ_{max}(S) = max_{x∈S(n)} x^T Sx ≥ max_{x=Zz∈S}�_{(k)} x^T Sx = max_{z∈S(k)} z^T Z^T SZz = λ_{max}(Z^T SZ),

and similarly λ_{min} (S) ≤ λ_{min} (Z^T SZ).

5.3. Reducing the number of directional derivatives in multiple shooting. The presence of invariants indicates that the number of variables, and hence free initial values, in a DAE system is larger than the actual degrees of freedom. This is obviously true for mechanical systems in descriptor form, but also holds for optimal control problems. Therefore, the question arises whether invariants can be used to reduce the computational work for derivative generation.

It was already shown in [33,10] that any multipoint boundary condition (including BVP invariants such as velocity and position constraints at the initial point) may be used to reduce the number of necessary directional derivatives to the number of degrees of freedom.

This situation is basically unchanged if BVP invariants are replacing the continuity conditions at interior shooting nodes. The computation of the subspaces, however, is now based on the invariants rather than the continuity conditions. In brief, neglecting additional multipoint conditions, one directly computes the projected matrix and vector Z^T_j W^j_1 Z_{j−1}, Z^T_j W^j_1 Y_{j−1}L^{−1}_{j−1}h_{j−1}, exploiting invariants in dae boundary value problems 21

i.e., the directional derivatives of

Z^T_j y^π_1 (τ_j ; y^{j−1})

with respect to the subspace spanned by the vector Y_{j−1}L^{−1}_{j−1}h_{j−1} and the columns of Z_{j−1}. When the number n of variables is large as compared to the actual degrees of freedom, k, very substantial reductions in the computational cost are achieved. For industrial robots, e.g., with only one degree of freedom per joint the number of state variables may be up to six times the number of degrees of freedom. Effective implementations to realize these savings are by means of variational or adjoint discretization schemes as described in [10], or analogously the forward or reverse mode in automatic differentiation [19].

Two fundamental results may be recalled and summarized, which can be found in [33,11,10] and are easily proved.

a) In a multibody system in descriptor form, the invariants on velocity and position constraints reduce the degrees of freedom in the system to two times the number of kinematic degrees of freedom, plus the degrees of freedom resulting from unknown parameters (e.g., in parameter estimation). This result holds with and without BVP invariant projection, and with or without relaxed formulation of the invariants.

b) In an optimal control problem as described in section 2, the maximum number of degrees of freedom in the associated multipoint BVP that comprises the necessary conditions is always equal to the degrees of freedom present in the state variables and free system parameters. This complexity result holds basically independent of the formulation of the associated multipoint BVP chosen from the many possible.

6. Numerical applications. The algorithmic features above were implemented in the multiple shooting code PARFIT [9] and the collocation code COLFIT [34]. The effectivity of the enhanced software packages is demonstrated in the following numerical applications. All numerical computations were performed in double precision IEEE arithmetic on a workstation.

6.1. Parameter identification for the slider crank mechanism. The planar slider crank mechanism is a simple model for a cylinder system in an engine. This mechanism is widely used as a test example for numerical integrators of initial value problems in multibody dynamics since it has strong “drift properties” [2]. Here it is used to demonstrate the effectivity of our approach for parameter estimation in mechanical systems in descriptor form.

The dynamical system is modeled in descriptor form as a DAE of index 3 according to [1]. The parameterization chosen here is indicated in Figure 1.

It coincides with the coordinate choice III in [1]. Differential variables are the positions of the points Q = (p_1, p_2) and P = (p_3, 0). The geometric constraints for these coordinates are

0 = g(p) := ( r^2 − p^2_1 − p^2 l^2 − (p_3 − p_1)^2 − p^2 ) (radius of the crank) (length of the connecting rod)

Therefore the whole system possesses one degree of freedom only. The geometric constraints are differentiated two times in order to reduce the index to 1. The differential part of the system is then given by M p̈ = c_1 0 c_2 0 c_1 0 c_2 0 c_3 p̈ = n^1 r^2 −p_2 p_1 0 − 0 mγ(l − l_1)/l 0 − G(p)T λ

22 v. h. schulz, h. g. bock, and m. c. steinbach

Fig. 1. Planar Model of a Slider-Crank Mechanism

where

c_1 :=

J_1 r^2 + m(l − l_1)^2 + J_2 l^2

, c_2 := m(l − l_1)l_1 + J_2 l^2

, c_3 := ml^2_1 + J_2 l^2

Here M is the mass matrix (which is independent of p_i), and G(p) is the constraint matrix, i.e., the derivative of g(p). The parameters γ, n_1, l, l_1, r, J_1, J_2 denote the gravity constant, the force which rotates the crank about the origin O, the lengths and the radius as shown in Figure 1, and the inertias of the crank and the connecting rod, respectively. The parameter m defines the mass of the connecting rod, which is to be estimated in this application. The values chosen for these parameters are m = 1.0, γ = 13.75, n_1 = 1.0, l = 0.5, l_1 = 0.25, r = 0.3, J_1 = 1.0 ,J_2 = 1.0. For further details of the model see [1].

The differential equations above together with the index 1 conditions are used as the model equations describing the dynamics of the system. The functions g and ġ are used both as boundary value problem invariants, and (in relaxed formulation, see equation (9)) as invariants of the local initial value problems.

The task considered here is to identify the mass m from given measurements of the state (p_1, p_2, p_3) at times t_i = 0, 1, . . ., 5. A highly exact trajectory is produced using a special purpose ADAMS-method with high integration accuracy (cf. [12]). These data are then perturbed by Gaussian noise with a standard deviation of σ = 10% in order to produce artificial measurements. The first plot (a) in Figure 2 shows the measurements and the exact trajectories. The parameter m is initially guessed with the value m^0 = 0.5, which intentionally does not coincide with the true value m = 1.

In order to investigate the usefulness of the exploitation of invariants, two different versions of the multiple shooting code PARFIT [9] are applied. To the knowledge of the authors no other multiple shooting code is available, which is capable of treating parameter identification problems in DAE and could serve as another candidate for comparison. Both versions of PARFIT—referred to as version 1 and version 2 in the sequel—use an extrapolation method based on the midpoint rule for the solution of local initial value problems. This integrator is equipped with the internal numerical differentiation technique as discussed in section 3.3. PARFIT version 2 additionally exploits the arising IVP and BVP invariants for the position and the velocity level, as discussed in section 3. The integration tolerance used in either case is 10^{−5}. The Gauß-Newton iteration is stopped when a scaled norm of the Gauß-Newton increment drops below 10^{−3}.

Plots (b–d) in Figure 2 compare the initial trajectory of PARFIT version 1 (solid exploiting invariants in dae boundary value problems 23

a) True solution and measurements b) Initial trajectory for p_1 with projection (solid) and without projection (dashed)

c) Initial trajectory for p_2 with projection (solid) and without projection (dashed) d) Initial trajectory for p_3 with projection (solid) and without projection (dashed)

Fig. 2. Measurements and initial trajectories

Table 1 Comparison of minimal and maximal singular values σ_{min}, σmax, and the resulting condition number cond = σmax/σ_{min}.

PARFIT σmin σmax cond

version 1 7.92 � 10�2 1.71 � 103 2.16 � 104

version 2 1.27 1.03 � 102 8.15 � 101

line) and PARFIT version 2 (dashed line), where the integration in each multiple shooting interval is started at the artificial measurements.

Due to the noise of the initial guess the starting values for each multiple shooting interval do not satisfy the higher index constraints on position and velocity level. Without exploitation of the invariants this results in a strong drift behavior, which version 1 of PARFIT cannot cope with. The last multiple shooting interval cannot be integrated completely, and the Gauß-Newton iteration cannot be started. Version 2 of PARFIT is able to use the measurements as initial values, it converges safely after 12 iterations. The final parameter estimate is m = 0.9765.

In a second experiment we use as measurement data the exact data, produced as described above, without any perturbation. Again we use m^0 = 0.5 as initial guess for the parameter. In this case the exact parameter can be identified after 17 iterations using version 1 of PARFIT, and after 7 iterations using version 2 of PARFIT. Here

24 v. h. schulz, h. g. bock, and m. c. steinbach

the expected improvement in the condition number of the multiple shooting matrix can be observed. In order to investigate the stabilizing effect of the projection onto invariants, we compare the condition numbers of the submatrix corresponding to the continuity conditions resp. projected continuity conditions for the two versions of PARFIT. The submatrix of linearized boundary and least-squares conditions, which is not modified by the projection, is not considered. For test purposes the condition number is computed by a singular value decomposition at the solution of the parameter identification problem (for both versions of PARFIT). Table 1 lists the computed results.

6.2. Periodic optimal cruise of a motor glider aircraft. In the following we will apply the proposed techniques to a challenging optimal control problem, the periodic cruise of a motor glider aircraft with high aerodynamic efficiency (C_L/C_D)_{max} . This problem is characterized by highly nonlinear system dynamics with rapidly increasing and rapidly decreasing components. Hence, extremely large error propagation of initial value perturbations occurs, which result in a very small convergence domain for the multiple shooting algorithm. Additionally, ill-conditioned multi-point boundary conditions drastically decrease the accuracy of the Newton increments (cf. [32]).

The goal of optimization is to minimize the fuel consumption m_f (x_{cyc}) over the (horizontal) length x_{cyc} of a period,

m_f (x_{cyc}) x_{cyc}

= min .

The dynamic equations for altitude h, flight path angle γ, speed V , and fuel consumption m_f are given by the ordinary differential equations dh dx = tan γ, dγ dx = L − mg cos γ mV^2 cos γ , dV dx = T − D − mg sin γ mV cos γ , dm_f dx = ṁ_f V cos γ , where x is the horizontal range. Lift and drag forces are modeled as L = 1 2 ρSV^2C_L, D = 1 2 ρSV^2C_D, where ρ is the air density, S is the wing area, and

C_D = C_{D0} + KC^2_L.

Fuel consumption characteristics are described by ṁ_f = σ(V )T (h, V, δ), where the thrust model accounts for the effects of altitude, speed and throttle setting, T (h, V, δ) = T_{max} (h, V )δ. The atmospheric model which describes air density and thrust dependence on altitude agrees with the ICAO Standard Atmosphere.

exploiting invariants in dae boundary value problems 25

We neglect the loss of mass due to fuel consumption during one period, hence the total mass m of the aircraft is considered constant. The initial condition for the fuel consumed is m_f (0) = 0;

periodicity conditions for the remaining state variables are

h(x_{cyc}) = h(0), γ(x_{cyc} ) = γ(0), V (x_{cyc}) = V (0).

Control variables are the lift coefficient C_L and the throttle setting δ which are subject to box constraints C_{Lmin} ≤ C_L ≤ C_{Lmax}, 0 ≤ δ ≤ 1.

It can be seen that the Hamiltonian is regular with respect to the lift coefficient, whereas it is singular of order 1 with respect to the throttle setting. The solution trajectories exhibit two very short singular arcs which are located around the lower and upper turning points, and rather long climbing and gliding phases which are traversed at full thrust, δ ≡ 1, and with the motor switched off, δ ≡ 0, respectively.

In [31] flight mechanics aspects of the problem are studied and numerical solutions with a singular control for the throttle setting are presented. Investigations in [32] show that a numerical solution of the problem becomes extremely hard with decreasing wing loading and with increasing aerodynamic efficiency. By an improved algorithmic treatment with PARFIT and reformulation of the BVP results were obtained in [32] for motor gliders with aerodynamic efficiencies up to (C_L/C_D)_{max} = 33. In addition to this, a singular feedback control based on Baumgarte’s approach was applied in [30] in order to stabilize the system on the singular arcs, and compute numerical results for aerodynamic efficiencies up to (C_L/C_D)_{max} = 40. The algorithmic developments of the present paper allow aerodynamic efficiencies beyond (C_L/C_D)_{max} = 60, thus demonstrating the efficacy of the exploitation of invariants for this practical example.

Although the motor glider dynamics are given by an ODE rather than a higher index DAE, the autonomous nature of the optimal control problem and the presence of singular arcs offer exploitation of several invariants according to the theoretical results in section 2.

(a) During bang-bang phases (δ ≡ 0 or δ ≡ 1), the Hamiltonian is an IVP invariant on each shooting interval and may be used for projection when solving the IVP on that subinterval.

(b) During a singular phase [t_a, t_b] two invariants derived from the switching function may be used for projection, e.g.,

S^0(λ, y) − S^0_0 − (t − t_a)S^1_0 ≡ 0,

(b1) S^1 (λ, y) − S^1_0 ≡ 0,

(b2)

where S^i_0 = S^i(λ(t_a), y(t_a)) are the initial values on entry to the singular arc. Alternatively, the damped version (α > 0) as described in section 2 may be applied (non-stiff Baumgarte). The Hamiltonian need not be constant along [t_a, t_b] as long as S^0_0 , S^1_0 are inconsistent.

(c) Furthermore, the Hamiltonian is a BVP invariant. Hence, at the solution its level must coincide at each node with some (unknown) value H̄, which may be introduced into the BVP as a system parameter. Additional but not independent BVP invariants are given on the singular arcs by S^0, S^1, both of which must vanish along the exact solution.

26 v. h. schulz, h. g. bock, and m. c. steinbach

Fig. 3. Switching function S. Fig. 4. Deviation of Hamiltonian, ΔH.

Fig. 5. Lift coefficient CL. Fig. 6. Throttle setting δ.

Numerical computations were performed with the enhanced version of PARFIT that incorporates the algorithmic developments due to this paper. The following two simple measures proved to be sufficient to stabilize the numerical computation for aerodynamic efficiency values up to (C_L/C_D)_{max} = 60 (which is already far beyond today’s technical standards). On bang-bang arcs, projection onto the constant Hamiltonian was applied during integration and internal differentiation (i.e., exploitation of IVP invariants). On singular arcs, only replacement of continuity conditions by requiring S^0 = 0 at each multiple shooting node in the interior of the singular arcs was applied (i.e., exploitation of BVP invariants).

Some characteristic quantities of the solution at (C_L/C_D)_{max} = 1/0.0165 are illustrated in Figs. (3–6), namely the histories of the switching function, of the deviation ΔH of the Hamiltonian from its initial level, and of the control functions C_L and δ. The range is normalized to x_{cyc} = 1 in all the figures.

Acknowledgement. The authors are indebted to Johannes P. Schlöder and Reinhold von Schwerin for many valuable comments and suggestions. In addition, we wish to express our thanks to the anonymous referees for numerous helpful corrections and suggestions.

REFERENCES

[1] T. Alishenas, Zur numerischen Behandlung, Stabilisierung durch Projektion und Modellierung mechanischer Systeme mit Nebenbedingungen und Invarianten, Ph.D. thesis, Royal Institute of Technology, Stockholm, Sweden, 1992.

[2] Th. Andrzejewski, H. G. Bock, E. Eich, and R. von Schwerin, Recent advances in the numerical integration of multibody systems, in Advanced Multibody System Dynamics, Simulation and Software Tools, W. Schiehlen, ed., Kluwer Academic Publishers, Dordrecht, Boston, London, 1993, pp. 127–151.

exploiting invariants in dae boundary value problems 27

[3] U. M. Ascher, R. M. M. Mattheij, and R. D. Russell, Numerical solution of boundary value problems for ordinary differential equations, Prentice Hall, Englewood Cliffs, 1988.

[4] U. M. Ascher and L. R. Petzold, Projected collocation for higher-order higher-index differential-algebraic equations, Technical Report 91-9, Department of Computer Science, University of British Columbia, Vancouver, British Columbia, 1991.

[5] U. M. Ascher, H. Qin, and S. Reich, Stabilization of DAEs and invariant manifolds, Numer.

Math., 67/2 (1994), pp. 131–149.

[6] U. M. Ascher and R. J. Spiteri, Collocation software for boundary value differential-algebraic equations, SIAM J. Sci. Comput., 15/4 (1994), pp. 938–952.

[7] J. Baumgarte, Stabilization of constraints and integrals of motion in dynamical systems, Comp. Math. Appl. Mech. Eng., 1 (1976), pp. 1–16.

[8] H. G. Bock, Numerische Behandlung von zustandsbeschränkten und Chebyshev-Steuerungs-problemen, Technical Report, Carl-Cranz-Gesellschaft, Oberpfaffenhofen, Germany, 1981.

[9] , Recent advances in parameter identification techniques for O.D.E., in Numerical Treatment of Inverse Problems, P. Deuflhard, E. Hairer, eds., Birkhäuser, Boston, Progress in Scientific Computing 2, 1983.

[10] , Randwertproblemmethoden zur Parameteridentifizierung in Systemen nichtlinearer Differentialgleichungen, Bonner Mathematische Schriften Nr. 183, University of Bonn, Bonn, Germany, 1987.

[11] H. G. Bock, E. Eich, and J. P. Schlöder, Numerical solution of constrained least squares boundary value problems in differential-algebraic equations, in Numerical Treatment of Differential Equations, K. Strehmel, ed., BG Teubner, Leipzig, Germany, 1988.

[12] H. G. Bock and R. von Schwerin, An inverse dynamics ADAMS-method for constrained multibody systems, Preprint 93-27, IWR, University of Heidelberg, Heidelberg, Germany, 1993.

[13] K. E. Brenan, S. L. Campbell, and L. R. Petzold, Numerical solution of initial-value problems in differential-algebraic equations, North-Holland, Amsterdam, 1989.

[14] A. E. Bryson, W. F. Denham, and S. E. Dreyfus, Optimal programming problems with inequality constraints I, AIAA J., 1 (1963).

[15] P. A. M. Dirac, Lectures on quantum mechanics, Belfer Graduate School monographs, no. 3, Yeshiva University, 1964.

[16] E. Eich, Projizierende Mehrschrittverfahren zur Numerischen Lösung von Bewegungsgleichungen Technischer Mehrkörpersysteme mit Zwangsbedingungen und Unstetigkeiten, Ph.D. thesis, University of Augsburg, Augsburg, Germany, 1991; Fortschritts-Berichte VDI, Reihe 18, Nr. 109, VDI-Verlag, Düsseldorf, Germany, 1992.

[17] C. Führer, Differential-algebraische Gleichungssysteme in mechanischen Mehrkörpersystemen, Ph.D. thesis, Munich University of Technology, München, Germany, 1988.

[18] E. Griepentrog and R. März, Differential-algebraic equations and their numerical treatment, Teubner-Text Math., 88, Teubner, Leipzig, 1986.

[19] A. Griewank, On automatic differentiation, in Mathematical Programming: Recent Developments and Applications, M. Iri and K. Tanabe, eds., Kluwer Academic Publishers, Dordrecht, Boston, London, 1989, pp. 83–108.

[20] F. Grupp and W. Kortüm, Parameter identification of nonlinear descriptor systems, in Advanced Multibody System Dynamics, Simulation and Software Tools, W. Schiehlen, ed., Kluwer Academic Publishers, Dordrecht, Boston, London, 1993, pp. 457–462.

[21] M. Hanke, On a least-squares collocation method for linear differential-algebraic equations, Numer. Math., 54 (1988), pp. 79–90.

[22] F. R. de Hoog and R. M. M. Mattheij, On dichotomy and well conditioning in BVP, SIAM J. Numer. Anal., 24 (1987), pp. 89–105.

[23] H. J. Kelley, R. E. Kopp, and H. G. Moyer, Singular extremals, in Topics in Optimization, G. Leitmann, ed., Academic Press, New York, 1967.

[24] R. Lamour, Shooting methods for transferable DAE’s—solution of shooting equation, Vol.

XXIV. Banach Center Publications, Warsaw.

[25] , A well-posed shooting method for transferable DAE’s, Numer. Math., 59 (1991), pp. 815–829.

[26] B. Leimkuhler and S. Reich, Symplectic integration of constrained Hamiltonian systems, Math. Comp., 63/208 (1994), pp. 589–605.

[27] M. Lentini and R. März, The conditioning of boundary value problems in transferable differential-algebraic equations, SIAM J. Numer. Anal., 27/4 (1990), pp. 1001–1015.

28 v. h. schulz, h. g. bock, and m. c. steinbach

[28] , Conditioning and dichotomy in differential algebraic equations, SIAM J. Numer. Anal., 27/6 (1990), pp. 1519–1526.

[29] R. März, On boundary value problems in differential-algebraic equations, Appl. Math. Comput., 31 (1989), pp. 517–537.

[30] R. Mehlhorn, K. Lesch, and G. Sachs, A technique for improving stability and efficiency in singular control problems, Proc. 1993 AIAA Guidance, Navigation, and Control Conf., Monterey, CA, 1993.

[31] G. Sachs and K. Lesch, Periodic maximum range cruise with singular control, Proc. 1990 AIAA Guidance, Navigation, and Control Conf., Portland, OR, 1990.

[32] G. Sachs, K. Lesch, H. G. Bock, and M. Steinbach, Periodic optimal trajectories with singular control for aircraft with high aerodynamic efficiency, in Optimal Control: Calculus of Variations, Optimal Control Theory and Numerical Methods, R. Bulirsch, A. Miele, J. Stoer, K. H. Well, eds., Birkhäuser, Basel, Boston, Berlin, International Series in Numerical Mathematics, Vol. 111, 1993, pp. 289–304.

[33] J. P. Schlöder, Numerische Methoden zur Behandlung hochdimensionaler Aufgaben der Parameteridentifizierung, Bonner Mathematische Schriften Nr. 187, University of Bonn, Bonn, Germany, 1988.

[34] V. Schulz, Ein effizientes Kollokationsverfahren zur numerischen Behandlung von Mehrpunktrandwertaufgaben in der Parameteridentifizierung und Optimalen Steuerung, Diploma thesis, University of Augsburg, Augsburg, Germany, 1990.