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Abstract. We study a new model for the evolution of a liquid-liquid dis-
persion. The droplets of the dispersed phase are supposed to move due to
diffusion and to undergo coalescence and breakage. The main feature of
the model is the inclusion of a maximal droplet size. This requires a con-
sistent mechanism opposing the increase of droplets due to coalescence.
The resulting system of uncountably many coupled reaction-diffusion
equations is interpreted as a vector-valued Cauchy problem. We prove
existence and uniqueness of nonnegative and mass-preserving solutions.
Furthermore, we give sufficient conditions for global existence.

1. INTRODUCTION

Since the pioneering work of von Smoluchowski [33, 34|, various models
for cluster growth and degradation have been developed and mathematically
investigated. In most of those models a very large number of particles is con-
sidered, which are assumed to be completely identified by their size, like mass
or volume. The particles then undergo the influences of coagulation and/or
fragmentation, meaning that they can merge to build larger particles or split
into several smaller ones. The reasons causing aggregation and degradation
of particles depend on the physical context of these processes, which arise in
a multitude of situations—for instance in astronomy, the oil industry, and
polymer and aerosol sciences to name just a few. We refer to [16, 26] for
surveys of the various models.

The aim of this paper is to discuss well-posedness of a new model de-
scribing the time evolution of a liquid-liquid dispersion. Such a dispersion
is formed by two immiscible liquids, where one of them consists of a very
large number of droplets that are finely distributed in the other one. These
droplets diffuse according to Brownian motion and may then collide, pro-
ducing either a larger droplet due to coalescence or several smaller droplets
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in the case of high-energy collisions. In addition, these droplets can sponta-
neously decay into smaller droplets as a result of external forces.

The main feature of the model considered in the present paper is that it
pays attention to the facts that droplets cannot become arbitrarily large, and
that experimental observations (see [31]) suggest the existence of a maximal
droplet size yo € (0, 00) beyond which no droplet can survive. In literature,
such a maximal size for droplet masses has either been disregarded so far or
has been introduced only as an artificial cut-off (cf. [40]) neglecting a fun-
damental inconsistency of the model. Indeed, imposing a maximal droplet
mass requires a new interaction mechanism to prevent the occurrence of
droplets with masses beyond g resulting from coalescence. A particular
mechanism—called (volume) scattering—has been proposed by Fasano and
Rosso [17]. The idea is that two colliding droplets with cumulative mass
exceeding the maximal mass gy can merge, but result in a highly unsta-
ble droplet, which instantaneously splits into several droplets all with mass
within the admissible range Y := (0, yo]. We take up this interaction mech-
anism in our equations.

To be more precise, let us denote by v = u(y) = u(t,z,y) the droplet-
size distribution function at time ¢ and position z, where y € Y refers to
the droplet size. Assuming the whole system under consideration to be
isolated so that there is no heat or mass exchange, the evolution of the
liquid-liquid dispersion can be described by the uncountable set of coupled
reaction-diffusion equations

pu(y) — d(t, y)Azu(y) = L(t, z,u)(y) inQ, t>0,yeY,

Oyu(y) =0 on I, t>0, yey, (%)
u(0,y) = u’(y) in Q, yey,
where u® = u®(x,y) is a given initial distribution. Here € is a bounded

domain in R™, n > 1, with smooth boundary 0¢2, and v denotes its outward
unit normal vector.

Diffusion of the droplets is governed by the time-dependent coeflicients
d(t,y) > 0. It seems to be reasonable to assume that d(, -) is a nonincreasing
function of droplet size since intuition suggests that large droplets diffuse
more slowly than small ones. Hence we do not significantly restrict the
physical scope of applications if we suppose that d(t,-) is bounded from
below by some strictly positive constant.

The reaction terms

L(t,z,u) := Ly(t,z,u) + Lc(t, z,u) + Ls(t, z,u)
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are defined by
Lot )= [ A0 wate') ay' —ute) [ Lotutf) a
Yy
Le(-y - u)(y) / KW' y—y)PW,y—y)u@ ) uly —y") dy

/yo/ K"y —y"QW" .y —v")B:(v,y)
xu(y"u(y —y") dy"dy

Yyo—y
—U(y)/o K(y,y){P(y,y)+Qy,v) }uly) dy',

2Y0 Yo
Ls(-, - u)(y) == %/ / K"y =96, y)

x u(y"uly’ —y") dy"dy’
Yo
— u(y) K(y,y)u(y) dy'
Yo—y
for y € Y = (0, yo].

The term Ly(t, z,u)(y) accounts for the gain and loss of droplets of mass
y due to multiple spontaneous breakage, where v(y,y’) = v(t, z,y,y’) repre-
sents the rate at which a droplet of mass y € Y splits into a droplet of mass
y € (0,y).

When two droplets y and 3’ with cumulative mass y+1’ < yg collide, one of
the following three different events takes place. The droplets either coalesce
with probability P(t,z,y,y’), or a shattering of these droplets occurs with
probability Q(¢,x,y,y’), or—for instance, in the case of grazing droplets—
nothing happens, meaning that the droplets involved remain unchanged. By
K(t,z,y,y’) we denote the collision rate, and S.(t,z,y + v/, y") stands for
the distribution function for droplets of mass y” € (0,y + ), produced by
the decay of a droplet of mass y + 3y’ < yo after a high-energy collision. One
intuitively expects that collisional breakage preserves the total mass, which
can be expressed by the formula

y+y’
/ YV Btz y+y,y) Y =y+y, (tLz)eRTxQ, y+yey.
0

Moreover, consistency of the model demands

0< Ptz,y,y)+Qt,z,y,y) <1, (L) eRTxQ, yy ey, (11)
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and
R(t,z,y,y') = R(t,z,y,y) , (tx) eRT xQ, yy €Y,

for R € {K , P, Q}. The formation and depletion of droplets of mass y, owing
to the above three events, are expressed by Lc(t,z,u)(y).

Finally, the scattering term L¢(¢, x,u)(y) represents the interaction of two
colliding droplets y and y’ with cumulative mass y + ¢y’ > yo immediately
scattering into several droplets all with mass in Y = (0,y0]. The result-
ing daughter droplets y” € Y are distributed according to the function
Bs(t,z,y +v',y"). Again one expects that this interaction conserves the
mass; that is,

Yo
/ Y8tz y+ ',y )y =y +y, (tz) eRT xQ, y+y' € (vo,2y0].
0

All factors 1/2 in the definitions of L. and Ls come in to compensate for
double counting.

Our model extends the previously mentioned model for nondiffusive pro-
cesses proposed in [17]. Besides taking into account Brownian movement,
our equations also include multiple breakage and collisional fragmentation.
Formally, the model considered in [17] can be derived from our model by
putting d = 0 and P = 1 (implying @ = 0 according to (1.1)), and assuming
droplets to decay into exactly two daughter droplets. In addition to the
just-cited paper we refer to [11, 18, 19, 29] for more information concerning
the physical background, mathematical results, and numerical simulations.

Let us point out that a broadly based mathematical treatment of colli-
sional breakage is apparently lacking. Even though contemplated in physical
literature (see [12, 13, 45]), only a few mathematical results [27, 41] on this
issue are published, at least to the best of our knowledge.

Well-posedness of the spatially homogeneous version of (x) is studied in
[41] by the author (there the case @ = 1 — P is treated), whereas certain
aspects of asymptotic behaviour are investigated in [43].

Contrary to the spatially homogeneous coagulation-fragmentation equa-
tions, where literature is quite extensive, less seems to be known for the case
including diffusion. Most of the research on diffusive processes is dedicated
to its discrete version, where the particle size y ranges in the set of posi-
tive integers and the integrals are replaced by sums (or series). We refer to
[25, 28] and the references therein for more detailed information about this
case. Note that these two papers, and also the references therein, consider
neither collisional breakage nor a maximal particle size; thus, there occurs
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no scattering as well. Concerning results for the situation including both of
these processes, that is, for the discrete version of (x), we refer to [44].

The number of articles on diffusive coagulation-fragmentation equations
shrinks even more if the processes under consideration are assumed to be
continuous. For this case, only a few papers are available—but again, all
of them take into account neither a maximal droplet size nor high-energy
collisions. The classical coagulation-fragmentation equations considered in
these papers are formally derived from (%) by putting yo := oo and P = 1.

The first paper treating continuous coagulation and fragmentation pro-
cesses with diffusion was written by Amann [6]. There, the author studies
the situation 2 = R" so that, in particular, there are no boundary condi-
tions. However, allowing more general diffusion operators (and including
also convection), the resulting equations are shown to admit a unique lo-
cal strong solution. Global existence is obtained either if space dimension
equals 1, if diffusion is independent of droplet size, or if no coagulation oc-
curs, that is, if the equations are linear. The approach chosen in this paper
is to interpret the problem as a Banach-space-valued Cauchy problem (see
below).

This idea is taken up in the paper of Amann and Weber [10] in order to
investigate the behaviour of particles suspended in a carrier fluid leading to
an additional coupling of the coagulation-fragmentation equations with the
Navier-Stokes equation. Again, well-posedness locally in time is shown for
Q=R"

A completely different approach is chosen by Laurengot and Mischler [24].
Based on weak and strong compactness methods in L, they prove global
existence (but not uniqueness) of weak solutions in case of binary fragmen-
tation and under suitable assumptions on the structure of the kernels. They
also consider large-time behaviour of solutions in particular situations. Some
of these results on global existence have been subsequently improved by Mis-
chler and Rodriguez-Ricard [30].

A further result on diffusive continuous coagulation-fragmentation equa-
tions is due to Deaconu and Fournier [14], who use probabilistic methods to
prove global existence of “measure solutions.”

Let us now briefly outline the contents of this paper. Our approach to
problem () is to handle it as an abstract vector-valued Cauchy problem of
the form

4+ A(t)u = L(t,u), t>0, u(0) = u .

Formally, this is obtained by putting A(t) := —d(¢,-)A with respect to Neu-
mann boundary conditions. It turns out that, as in the scalar case, the
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operator —A(t) is the generator of an analytic semigroup on L,(Q2, E) with
domain of definition

D(A(t)) = H} 5(Q,E) := {u € H)(Q, E); du =0},

where F is an appropriate function space over Y. This nontrivial gener-
ation result is due to a recent paper of Denk, Hieber, and Priiss [15] and
requires a so-called UMD space E. This rules out the physically reason-
able choice E = L1(Y) as state space. Furthermore, once it is made rigor-
ous that —A(t) generates an analytic semigroup, it is indispensable to have
precise information about the interpolation spaces between L,(€, E) and
D(A(t)) = Hz,B(Qv E) in order to take full advantage of semigroup theory.
Such a characterization requires a Hilbert space E leading to the state space
E = Ly(Y).

In the next section we introduce some notation and state the required
result on interpolation with boundary conditions. Section 3 deals with the
generator —A(t) and lists some of its useful properties. In Section 4 we
give a precise description of how we will interpret the reaction terms. In
the final section, Section 5, we focus on well-posedness of problem (x). We
prove existence and uniqueness of nonnegative and mass-preserving solu-
tions. Moreover, we also derive sufficient conditions for global existence.

We conclude the introduction with a summary of our main results. They
will be stated in a more precise manner in Section 5, where their proofs will
also be given.

Theorem 1.1. Let all of the kernels be nonnegative and sufficiently smooth.
Suppose that max{1,n/4} < p < co. Then, for each u® > 0 satisfying

20u(x,y) ? dy v der <oo, |af <2,
Q Y

and O,u’(z,y) = 0, (z,y) € 0N x Y, there exists T > 0 such that problem
() admits a unique nonnegative solution u on [0,T"). If collisional breakage
and scattering are mass-preserving, then

//yu(t,x,y) dyda:://yuo(m,y) dyde , 0<t<T.
QJY QJY

In addition, T = oo either if n < 2p and diffusion is independent of time and
droplet size or if n = 1 and collisional breakage and scattering are binary
Processes.

We refer to Example 5.13 for physically relevant kernels satisfying the
assumptions required.
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2. PRELIMINARIES

We briefly collect some basic spaces and their properties, which we will
use in the sequel. For more detailed information and proofs we refer in
particular to [5], but also to [4, 9].

In this paper, all vector spaces are over the reals. If there are implicit or
explicit references to complex numbers in a given formula, then it is under-
stood that the latter is interpreted as the corresponding complexification.

Let X and Z be locally convex spaces. We denote by £(X, Z) the set of
all bounded linear operators from X into Z, and we put £(X) := L(X, X).
If X is a linear subspace of Z such that the natural injection i : [z +— z]
belongs to L(X, Z), we express this by X — Z. By X = Z we mean X — 7
and Z — X.

Let E be an arbitrary Banach space and €2 a nonempty open subset of
R". For s € RT, C5(Q, E) [respectively BUC*(, E)] consists of all func-
tions u : {2 — E having [bounded and uniformly continuous] derivatives of
orders at most [s] and whose derivatives of order [s] are [uniformly| Holder
continuous of exponent s — [s], if s ¢ N. The space BUC*(f2, E) has then
an obvious meaning. C.(2) stands for the space of all continuous functions
u : 0 — R with compact support.

We denote by D(£2, E) the space of all E-valued test functions on §2, and
we put D(Q2) := D(, R). Then D'(Q, E) := L(D(), E) is the space of all
E-valued distributions on €.

W, (£, E) is the usual Sobolev-Slobodeckii space on {2 of order s € R and
integrability index p € [1, 00]. The Bessel potential space of order s € R and
integrability index p € (1, 00) is denoted by H;(R", E). We write B, ,(R", E)
for the Besov space, where s € R and p,q € [1,00]. All of the spaces
W, (, E), Hy(R", E), and B, ,(R", E) are equipped with their usual norms.
Then it is known that for 1 < p,p;,q,¢; < oo and s,s; € R

By (R",E) = By (R, E), 1<gq <q<o0, (2.1)
Bzqu1(Rn’E) — B;?qO(R",E) , 81> 80, 2.2)

and
By (R" E)— B (R"E), p1<po, s1—n/p1>s0—n/p. (2.3)
For the remainder, let E be a UMD space (see [4, III. Section 4.4]). Then
H(R", E)=W"(R",E), meZ, 1<p<oo, (2.4)
and
B, (R"E)=WS(R",E), scR\Z, 1<p<oc.  (25)
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Moreover, denoting for 0 < § < 1 and 1 < ¢ < oo by (-,-)g4 the real
interpolation functor of exponent § and parameter ¢ and by [-, -]g the complex
interpolation functor of exponent 8, we have, for 1 < p,q,q; < oo and s; € R
with sg # s1,
. —6)so+6
(B (R™, E), Byl (R" E)), = Bl Dsot0syre ) (2.6)
as well as
(B, (R", E), B3l (R", E)], = Bl Ot (R B) | g<oo. (27
Observe that (2.5)—(2.7) remain valid for arbitrary Banach spaces E. Fur-
thermore,
[H*(R", E), Hy'(R", E))
and

(H*(R", E), H3'(R", E))

, = HTO0M s mr By - 1<p<oo, (2.8)

b= BLTOHRY ) p<oo. (29)

Finally, using the convention 1 =1/p + 1/p’ we have
[H3(R",E)]' = H *(R"E'), s€R, 1<p<oo,
and
[B;,(R",E)]"= B (R"E'), scR, 1<pg<oo,
with respect to the duality pairing naturally induced by the L,-duality pair-
ing.

For Q C R"™ open, we denote by rqo € E(D'(R", E),D'(Q, E)) the restric-
tion operator in the sense of distribution, and we put F(Q2, E) := rqF (R", E)
for F € {Hg , B;q}. Equipped with the quotient-space topology, these are
Banach spaces.

For the remainder, let {2 be a bounded, open subset of R with smooth
boundary 9€2. Then it follows from [7, Theorem 4.1, Proposition 4.2] that,
for

fe{W;,B;q,BUC’S;SER,1§p<oo, 1§q§oo},

where s > 0 if F = BUC®, the operator rq € L(F(R", E), F(Q, E)) is a
retraction. Moreover, there exists a universal coretraction eq independent
of p, ¢, and s. Interpolation entails that

ro € L(HyR", E),H;(Q,E)), se€R, 1<p<oo,

is a retraction as well. Therefore, statements (2.1)—(2.9) remain true if R"
is replaced by 2. Given a Hilbert space F', one can prove, as in the scalar
case, that, for 1 <p < o0, 1< g < oo, and —1/p' < s < 1/p,

[Hy(Q,F)]'=H*(Q,F) and  [B; (Q,F)]' =B, (2F) (210)
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with respect to the duality pairing induced by the L,-duality pairing.
By means of local coordinates and a partition of unity one then defines

the Banach spaces F (0, E) for F € {H;, B;q} analogously to [38]. As

in the scalar case it follows that 9" : [u +— 0'u = o u] induces for each

- ovm
m € N an operator

o € L(H3(Q, E), By, /P09, E)) N L(BS,(Q, E), B3, /09, E))

provided s > m+1/p, 1 < p < oo, and 1 < ¢ < co. We refrain from giving
details and refer to [42, Section 6]. Hence, given

fG{H;,B;’q;SEO,1<p<oo,1§q§oo},

it makes sense to define the Banach spaces

_J {uve F(QE); 07u=0}, s>m+1/p,
FB,, (% E) -—{ F(OLE), 0<s<m+1/p,

for m € N.

We conclude this section with a theorem on interpolation with boundary
conditions. If the underlying space E is finite dimensional, these results
are well-known and due to Grisvard [20, 21] and Seeley [36]. Our theorem
extends these results to infinite-dimensional Hilbert spaces.

Theorem 2.1. Suppose that E is a Hilbert space, and letm € N, 1 < p < oo,
and 1 < g <oo. Gwen 6 € (0,1) and s1 > so > 0, put sg := (1 —0)so + 0s1.
Then, provided s1, sg #m + 1/p, it holds that

[H;O (Qa E), H;}Bm (Qv E)] [ = H;,GBm (Q, E)

and

(H;°(Q,E), Hylg (9, E))e,q = B%

p7q;Bm(Q’ E> :

Proof. The argumentation follows the lines of the proofs of Guidetti [22,
Theorem 2.3 and Theorem 2.7], where the scalar-valued analogue is shown in
the case of Besov spaces. Basically, two main ingredients are required. First
one has to ensure that the characteristic function XR? of the half space R’} is
a multiplier for the space H,(R", E) if 1 <p <ocand —1+1/p<s<1/p.
This might be done by adapting the proof of the scalar-valued counterpart
of Strichartz [37]. The basic observation for this result is that the first part
of the statement of [37, 2.3. Third Characterization| remains valid for E-
valued Bessel potential spaces provided E is Hilbertian. This is due to [35,
Remark 6, Proposition 8]. The second requirement is the existence of an
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operator
m .
Qm € £( ] By 7700, B), Hy(@,B)) . s€R, 1<p<oc,
§=0
such that, for each k € {0,...,m} with s > k+ 1/p,

Q... u™) =uP, (W, u™) € HB;’;jfl/p(@Q,E) .
§=0
This result is obtained by reducing the problem to a full-space problem
by means of local coordinates and using then similar arguments as in [2,
Appendix B] and [39, Theorem 2.9.2/1]. A detailed proof of this theorem
can be found in [42, Section 6]. O

3. THE DIFFUSION SEMIGROUP

If £1 — Ejy are densely injected Banach spaces, and if A: E; — FEy is
linear, we mean by writing A € H(E1, Ep) that —A, considered as a linear
operator in Fy with domain F4, generates an analytic semigroup on Ej.

For the remainder, €2 always denotes a bounded and smooth domain in R".
In order to simplify the notation, we put F[E] := F(, E), where F(Q, F) is
any space of functions defined on ) with values in a Banach space E. Recall
that Y = (0,yo]. Given a function d : R* — C(Y), we set

d(t,y) :==dt)(y), (ty) R xY .

Finally, we define, for a UMD space E, H;B[E] .= {u € H2[E]; ,u = 0}.
With this notation we can state the following fundamental theorem.

Theorem 3.1. Let p € (0,1), and suppose that

de CP’(RT,C(Y)) with d(t,y) >0, (t,y) eR" xY . (3.1)
For1 < p,o < oo put
Apld)(tyu == —d(t, )Au, we H}g[Ls(Y)], t>0. (3.2)

Then it holds that
[t A, (A1) € CP(RY H(H2 Lo (V)] LlLo (V)]))
Proof. This follows from [15, Theorem 8.2] (see [42, Section 7.2]). O

Under the assumptions of Theorem 3.1, [4, II. Corollary 4.4.2] guarantees
the existence of an evolution operator Uga, of A, := Apld] on Ly[L,(Y)]. In
the following, we collect some basic properties of Ug,.
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Lemma 3.2. Suppose that d satisfies (3.1). Then, given o € (1,00), it holds
that

Ua, l<p<g<oo.

‘Lq[Lo(Y)] 77

Proof. This is a consequence of the fact that

—1 -1
()‘+Ap(5)) |Lq[Lc,(y)} = ()‘+Aq(3)) )
for all s > 0 and A € R sufficiently large (cf. [42, Lemma 7.6]). O

The aim of the last part of this section is to prove that Uga, is a positive
operator. To this end, let us introduce some notation.

Given a vector space X ordered by a proper cone X (that is, z < y
if and only if y — 2 € X' with the convention that y > z if and only if
r < y) and any set M, the vector space XM is given its pointwise order

induced by the cone (X +)M Thus w < v for w,v € XM if and only if
w(m) < wv(m), m € M. Let X be an ordered Banach space. Then L,(Y")
and L,[X]| are ordered Banach spaces as well (with pointwise order almost
everywhere), their cones being denoted by L} (V) and L} [X].

Given F € {BUC*, H , Byq; i > 0}, the order of F[X] is defined by
the cone F[X] N L} [X]. By C(Y) we denote the positive cone of Cc(Y).

T € L£(X) is said to be positive if T(XT) C XT. A closed linear operator
A in X is resolvent positive provided there exists A\g > 0 such that [A\g, 00)
belongs to the resolvent set o(—A) of —A, and (A + A)~! € L(X) is positive
for A > Ao.

Lemma 3.3. For 1 < p,0 < 0o, the tensor product BUC™®(Q)T ® CH(Y)
is dense in L [Ly(Y)] and BUC®(Q) @ C.(Y) is dense in Hg[LJ(Y)].

Proof. Due to the fact that the trivial extension ¥ of v € L [L,(Y')] belongs
to L; (R", Ly (Y)), the first part of the statement follows analogously to [6,

Lemma 6.1]. The second part is obtained similarly by extending elements of
H2[Ls(Y)] to H2(R", Ly(Y)) by means of Section 2. O

Theorem 3.4. Suppose that d satisfies (3.1). Then, for 1 < p,o < oo, the
evolution operator Uy, of A, = Apld] is a positive operator on Ly[L,(Y)].

Proof. In view of [4, II. Theorem 6.4.1 and II. Theorem 6.4.2] it suffices
to prove that, for fixed s > 0, the closed linear operator B, := Ap(s) in
Ly[Ls(Y)] is resolvent positive.

(i) Assume o > p > n. From (the proof of) [1, Theorem 6.1] follows the
existence of \g € R such that, for each y € Y and A > Ay, we have w > 0
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whenever w € H;B(Q) satisfies (A — d(s,y)A)w > 0. Due to
By € H(Hp p[Lo(Y)], Lp[Lo(Y)))

there is w, > 0 such that [w),,00) C o(—By). Fix A > max{wp, Ao} =: A(p),
and let v belong to BUC®(Q)" ® CF(Y) so that

w = A+ By) v € Hy[Lo(Y)] — Hy glLy(Y)] (3.3)
whence

A+ Bp)w=v>0 in Ly[L,(Y)] = Lp[L,(Y)] . (3.4)
Recalling Ly[L,(Y)] = L,(Y, L,(€2)) and the fact that BUC™®(Q) ® C.(Y)

is dense in H2[L,(Y)], we derive from (3.3) and (3.4) that w(-,y) := w(-)(y)
belongs to Hg’B(Q) for almost every y € Y and satisfies

(>‘ - d(S,y)A)U}(,y) = U(‘,y) >0.
Thus w(z,y) > 0 for each = € Q and almost every y € Y. We conclude
A+ By) >0, veBUC®)T@CT(Y), A>Ap). (3.5)

Next use Lemma 3.3 and the closedness of the positive cone L} [L,(Y)] in
Ly[Ly(Y)] to deduce that (3.5) remains valid for v € L} [Lq(Y)].

(ii) Assume that 1 < p,o < oo are arbitrary. Choose 7 > o and ¢ > p
with 7 > ¢ > n. Fix w, > 0 such that [w), 00) belongs to the resolvent set of
—B,, and put w := max{wp, A(¢)}, where \(g) is given as in (i). According to
Lemma 3.3, L[L,(Y)] is dense in L} [L,(Y)]. Therefore, since (A + Bp)~*
is for any A > w a bounded and linear operator on L,[L,(Y)] satisfying (see
the proof of Lemma 3.2)

A+ Bo) oy = A+ Bo) ™ € L(Lgl L (V)])
the assertion follows from (i). O

For 1 < p < oo and 1 < ¢ < oo we denote by {Sh¢[La(Y)]; pu # 0} either
the scale {Bpg[La(Y)]; u # 0} or the scale {H}[La(Y)]; p # 0}, and we
set S9 [La(Y)] := Ly[L2(Y)]. Moreover, we put

u € Shy[La(Y)];0,u =0}, pu>141
)] = g L Shal L) } T
0 SpqlL2(Y)], 0<p<l+s,

and Squ[ 2(Y)] =

(3.6)

qu[LQ(Y)] N L;—[L2(Y)] for n > 0.

Corollary 3.5. Let 1 <p < oo and 1 < g < oo, and suppose that 0 < p <
n < 2 with p,n # 1+ 1/p. Then S;IJ;—B[LQ(Y)] is dense in S B[LQ(Y)].
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Proof. Taking into account Theorem 2.1 and (the proof of) Theorem 3.4,
the statement is due to [4, V. Proposition 2.7.1]. O

We conclude this section with the following lemma characterizing the dual
operator (Ap[d]), of Ap[d] in the case 0 := 2.

Lemma 3.6. Suppose that d € C(Y, (0, oo)) and put, for 1 < p < oo,
Ap 1= Apld] € H(Hp g[L2(Y)], Lp[L2(Y)]) -
Then it holds that (Ap) = Ay with respect to the Ly[La(Y)]-Ly[La(Y)]-
duality pairing.
Proof. The assertion is a consequence of (LP[LQ(Y)])/ = Ly[Ly(Y)] and

Gauss’ theorem. O

4. THE REACTION TERMS

Recall that Y = (0, yo] denotes the admissible range of droplet masses. For
abbreviation we put E := Ls(Y), and we assume throughout that 1 < p < oo
and 1 < ¢ < oo are fixed.

Let Ey,..., E, be Banach spaces. The Banach space L(E1,..., Eny; Ey)
consists of all continuous m-linear maps from Fq X --- x E,, into Ey. They
are called multiplications. Sometimes we simply write

(e1,...,em) > €1 o ---0ep,

for a multiplication. Given a multiplication and u; € (E;)**, 1 < j < m, we
define uj @ - - - @ u,, € (Ey) by

upo---ouy(r) i =u(x)e---ouy,(x), . (4.1)
For any Banach spaces F;[Ej| of Ej-valued functions defined on Q we write
Fi[Ei]e- -0 F,[En] — Fo[Ey] ,
provided that (4.1) defines an element of £(F1 [Er], ...y En[Eml; Fo [EO]).

Lemma 4.1. (a) Let Ey X --- X E,, — Ep, (e1,...,6m) —e10---0ey,. be
a multiplication with m > 3. If
0 <7 <min{r,n/p} and T+n/p<20, (4.2)
then
BUC"[Ei] s BUC"[Ey_s]  BSy[Em-1] @ By [Em] — B, [Fo] .

(b) Suppose that Ey x Ey — Ejy, (e1,e2) — e1 ® ea, is a multiplication. If
0<o<r, then
BUCT[El] [ ] Bqu[EQ] — B;q[E()] .
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Proof. By means of the retraction rq and a corresponding coretraction eq
(see Section 2) we may assume 2 = R™. Then the assertions are consequences
of

Bl R",Ej) = BUC"(R",Ej) , r¢€ RT\N,
and [3, Theorem 4.1 and Remark 4.2(b)], if one observes that the results

in [3] remain valid for arbitrary, not necessarily finite-dimensional Banach
spaces (see [5, 8]). O

The space C;_(El,Eo) consists of all maps from E; into Ejy which are
uniformly Lipschitz continuous on bounded subsets of F;. Endowed with
the family of seminorms

p e = ul]m,

pp = |u— sup |u(e)||g, + su / ’
ecB e,e’€B lle = ¢'ll
e#e!

where B runs through the family of all bounded subsets of E1, Cl}_ (B, Ep) is
a locally convex space. Then C” (R+, Cgf(El, EO)) for p € (0,1) is a locally
convex space as well, with topology induced by the family of seminorms
pi(u(t) — u(s))
t
v Ol S T
with 7" > 0 and B C EF7 bounded.
We set Fy, := Lo (Y, E) and use the notation

Yy, ) =vWW), vy eY, vek.

Given « € F},, we define
y o

b)) = [ " ) Ay — u(y) /0 Lotu.) dy

for u € E and almost every y € Y. Since Y is a bounded interval, it is easily
seen that [(v,u) — lp(7)[u]] € L(Fb, E; E), and hence, putting

b(Mul(z) =l (y(@))[u(z)], 2€Q,
for (y,u) : Q — Fy, x E, Lemma 4.1(b) yields a multiplication
(v, w) = I(M[u]] € L(BUCT[F], By  [E); By 4 [E])

provided 0 <o <r. If y € C? (R+, BUC’T[Fb]) is fixed, where p € (0,1), we
define

bt z,y,u) = l(v(t)(@)[u)(y), (tz)eRTxQ, aeyeY, wekE.
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Denoting then by Ly(t, -) the Nemytskii operator induced by ly(t, -, -, ), that
is,

Ly(t,u)(x) := lb(t,x, ,u(x)) , (tz)eRtYxQ, ueEY,
we deduce

[t — Ly(t,-)] € C*(RT,Cp~ (BS,IE], B3,IE])) , 0<o<r.

Next, let F¢ be the closed linear subspace of Lo (Y x Y') which consists of
all R satisfying

R(y,y) =Ry y), aeyyeY.
Defining

1 (Y
LK P o) =5 [ K6y =) POy =9l )oly = o) df
for K, P € I, u,v € E, and almost every y € Y, we obtain a multiplication

(K, P,u,v) = I(K, P)[u,v]] € L(F,F.,E,E;E) .
Similarly, the definitions of

1 [y [y
12 K, ’ P //7 P //7 PN
¢ (Be, K, Q)[u, vl (y) 2/y /0 K"y —y)QW"y —y')

x Be(y, y)uly” oy’ —y") dy"dy’
and
3 vy / / / /
K Rul) =) [ Kl R o)
for . € Fy, K,Q, R € F., u,v € E, and almost every y € Y, yield multipli-
cations
[(ﬁC,K,Q,’U,,’U) = lz(ﬂOKa Q)[U7U]] € L(FbaFcaFmEaE; E)

and

(K, R, u,v) — I2(K, R)[u,v]] € L(F,F.,E,E;E) .
Furthermore, for s € Fg := LOO((yo, 2y0], E), we write

Bs(y,v') == Bs()(v) . y€(yo,2w0], ¥y e€Y.
We then put

2yo Yo
Kol = [ [ K -5

Yo Yy —yo

x u(y" vy —vy") dy"dy’
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and
Yo

2(5) [, 0](y) = uly) / K,y )o(y) dyf
Yyo—y

for 55 € Fs, K € F., u,v € E, and almost every y € Y. The mappings [}
and [2 have the property

[(Bs, K u,0) = 15(Be, K)[u,v]] € L(Fs, Fe, B, B3 E)
and
(K, u,v) — 2(K)[u,v]] € L(F,E,E;E) .
Suppose now that
(Be, Bs, K, P,Q) € C*(R", BUC"[Fy, x Fy x F¢ x F¢ X F])
is fixed, where r > 0 and p € (0,1). We set
le(t, 2y, u,v) == 1Lt 2z, y,u,0) + 2z, y,u,v) — 2(t, 2,9, u,v)
= e (K (t)(x), P(t)(x))[u, v](y)

+ 2 (Be(t) (@), K () (), Q(t) (x)) [u, v] (y)

— (K (1) (), P(t)(z) + Q(t)(«)) [u, v](y)
as well as
(t,x,y,u,v) — 2(t,z,y,u,)
(Bs(t) (@), K (t)(2)) [, v} (y) — 13 (K (£)(x)) [, v](y)
for (t,x) € R* x Q, u,v € E, and almost every y € Y. Moreover, we de-
note by Lj (¢,-,-) for (j,h) € {(1,¢),(2,¢),(3,¢),(1,5),(2,s)} the Nemytskii
operator induced by l{l(t, ‘0, 0); that is,

Li(t,u,v)(m) = li(t,x, ~,u(m),v(m)) ., (ta)eRTXxQ, wuve E%

Is(t,x,y,u,v) =1
l

0= 0=

and we put
Le(t,u) == LL(t,u,u) + L2(t,u,u) — L3 (t,u,u) , teRY, we E?,
and
Ls(t,u) := L (t,u,u) — L2(t,u,u) , teRY, weEY.
Therefore, by virtue of Lemma 4.1, these operators satisfy
[t — Lu(t,)] € CP(RY,C,~(BY[E], By ,[E])) . he{cs},
provided (4.2) holds. Finally, we set
L(t,-) := Lp(t,") + Lc(t,") + Ls(t,) , te€RT, (4.3)
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and
F:=F, x Fy, x Fy x F. x F. x Fg . (4.4)
We summarize the observations above in the following proposition.
Proposition 4.2. Assume 1 <p < oo and 1 < g < oo, and let
0 <7 <min{r,n/p} with 7+n/p<20.
Suppose that

[t (1), Be(), Bo(), K (1), P(1), Q) | € C”(R*, BUCT[F])
for some p € (0,1). Then it holds that
[t L(t, )] € C7(RT, G~ (BE,[E], By [El)) -

For the sake of readability we will use in the sequel the notation
a(t,;-, ) == at)(x)(-,-), (t,x)ERTxQ, ac {fy,ﬁc,ﬂs,K, P,Q} )
5. WELL-POSEDNESS

Now we are in a position to prove that problem (x) is well-posed. To this
end, let us rewrite the equations in (%) as a Banach-space-valued Cauchy
problem of the form

u+ At)u = L(t,u), t>0,
uw(0) = ¥,
where L(t,-) and A(t) := Ap[d](t) € H(H}3[E], Ly[E]) are given by (4.3)
and (3.2), respectively, and where E' = Lo(Y). Recall that we defined the
scale { S g[E]; >0} in (3.6), and that T is given by (4.4).
In the sequel, we put J := J \ {0} for any interval J C R.

(CP)yo

5.1. Existence and uniqueness. The following theorem guarantees exis-
tence and uniqueness of maximal solutions to problem (C'P),o0 in Ly[E].

Theorem 5.1. Let r > 0 and p € (0,1), and suppose that
[t = (v(8), Be(t), Bs(8), K (1), P(t), Q(1))] € C (R, BUC"[F])

and
de CP(RY,C(Y)) with d(t,y) >0, (t,y) eR" xY .
Also suppose 1 <p < oo and 1< q < oo, and let n < 4p and p € (n/2p, 2)

with ;1 # 1+ 1/p. Then, given any u® € qu,B[E}, problem (CP),0 possesses

a unique maximal solution u := u(-;u’) satisfying

ue C(J(w’),Sh glE]) NC (J(W®), LE]) N C(J(u), H) 5[E]) .
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The mazimal interval of existence J(u®) is open in RY. If

sup lu@)llse g <o, T>0, (5.1)
teJ(u0)N[0,T] P

then J(u’) = R*. Moreover, the solution u(-;u®) depends continuously on
the initial value u® in the following sense: For each T € J(u®) there exists
a neighborhood U of u® in S} 5l E] such that J(0) 2 [0,T] for v° € U and,
as ¥ — u in U,
u(0%) = u(ud) in C (o, T],S]‘D‘qB[ ) .
Proof. Set (Ep,E;) := (LP[E],H;B[E]), and put for 6 € (0,1)
() = { ()og if {85 ] p>0} = {B zlE]; p>0},
’ [ ]y if {quB s >0} = {HglE]; p>0} .

Clearly, E; N Ey. Furthermore, Theorem 2.1 entails
Ey _(E()?El)@_quB[ ]7 296(072)\{1+1/p}

Fix o € (n/2p, p) \ {1+ 1/p} and 7 € (0,min{20 — n/p,1+ 1/p,r,n/p}).
Then, due to Proposition 4.2, we have

> L(1,)] € CF(R L (B ul 1, Byl D) -
Choose € > 0 small such that
0<Vg:=7/2—e<V:=0/24+ec<Vy:=p/2<1.
Since, according to Section 2,
H[E) = B, [E) —~ HSE], C<n<¢,
Theorem 3.1 yields
[t = (A(t)’L(t7 ))] € CP(R_‘—aH(ElaEO) X Cgi(]Eﬂlv]Eﬂo)) :

Owing to u’ € Ey,, the assertion is now a consequence of [6, Theorem 5.1].
O

Remark 5.2. The solution u(-;u°) has, in addition, the regularity
u(u’) € CWD(J(u0), ST SIE]) , me (0,u)\{1+1/p},
according to [4, II. Theorem 5.3.1].
Henceforth, in order to simplify the notation, we will write
u(t,z,y) == u(t; ) (@) (y) ,  (La,y) € JW') x Ax Y,

for the solution u = u(-;u’) to problem (CP),0, and for convenience we will
sometimes suppress any of the variables ¢, x, and y in a given formula.
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5.2. Conservation of mass. The purpose of the next theorem is to provide
sufficient conditions for mass conservation. Suppose that both scattering
and collisional breakage are mass-preserving. More precisely, assume that,
for each (t,z) € RT x Q,

Yo
/ Y Bty +y, ")y =y+y, aecyw<y+y <2y, (52
0

and, for almost every 0 <y + v < yo,

y+y’
Qt,z;y,y) [/ y'B(t, sy +y,y") dy' —y — y’] =0. (5.3)
0

Observe that assuming (5.3) and 8. € C(RT, BUC|F})) restricts the physical
scope of applications since in combination they imply that collisions of small
droplets cannot result in a shattering. Indeed, Holder’s inequality and (5.3)
entail that, for any T > 0,

Qt,z;,9 )y +9) < Qt,z;9,9)
y+y’ ) y+y’ L2 - o\ 1/2
X(/O z dZ/O 1Bt zy+ 9 y")| dy)

3/2
< () Q. y) (y+y)”
so that there exists y(T') € Y with
Qt,a;y,y) =0, ae 0<y+y <y(T), (taz)el0,T]xQ. (54)

We point out that this restriction is of purely mathematical nature and not
substantiated in the physical model.

Theorem 5.3. Presuppose the hypotheses of Theorem 5.1, and let in ad-
dition (5.2) and (5.3) be valid. Then, for each u® € qu,B[E], the solution

u(-;u®) conserves the total mass; that is,

//yu(t;uo) dydx://yuo dydr , te J) .
QJY QJY

Proof. Since 2 and Y are bounded, Theorem 5.1 entails
M:=[t— / / yu(t) dydz] € C! (J(u)) N C(J (7)) .
QJY

Approximating u(t) € H2[E] by elements of BUC™(Q) ® Ce(Y), we obtain
the equality

/Q/YyA(t)u(t) dydz = —/aQ/de(t,y)ayu(t) dydo =0, te ).
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Proposition 4.2 yields L(t,u(t)) € L1[L1(Y)], t € J(u?), whence

//thu dydx =0, tGJ( )

by (5.2) and (5.3) (see [41, Lemma 2.6]). Consequently, M(t) = 0 for t €
J(u0). O

5.3. Positivity. Recall that the space F, defined by (4.4), is an ordered
Banach space with positive cone

Fr:=F"x F x Ff x F x FX x F,
since the spaces Fy, Fs, and F. are themselves ordered Banach spaces.

Theorem 5.4. In addition to the assumptions of Theorem 5.1 suppose that

(v(t), Be(t), Bs(t), K (t), P(t),Q(t)) € BUCT[F]*, t>0. (5.5)
Then u® € Sﬁ;B[E] implies u(t; u®) € quJrB[ ], t € J(u).

Proof. (i) Assume n < 2p and p G (n/p, 2)
Section 2 we have in this case, for u® € S”q glE]

ue C(J(u ),S;;qB[ 1) = C(J(u®), BUCIE]) .

\ {1 + 1/p}. According to

Thus, for fixed Ty € J(u®), we can choose w := w(Ty) > 0 such that

Yyo—y
] [ K [Py + Qe utt oy dy| < /2
0

y)
0—Y

€ [0,Tp] x Q and almost every y € Y. Putting, for 0 < ¢ < Tj and

Yo

‘ / K(t, 3y, ult, z,y)
Y
for (¢, x)
v e C[E],

G(t,v) :==Lp(t,v) + Li(t,v,v) + Li(t,v,v) + Li(t,v,v)
— Li’ (t, v, u(t)) — Lg (t, v, u(t)) +wv ,
where the operators Lfl(t, -,+) are defined as in Section 4, it follows that
G(t,o(t)) >0, 0<t<T<T,, veC([0,T],CT[E]). (5.6)

Moreover, since G(t,u(t)) = L(t, u(t)) +wu(t), 0 < t < Ty, we see that u is
a solution to

v+ B(t)v=G(t,v), 0<t<Tp, v(0) = u’
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in L,[E], where B := w + A € C*(R*, H(H] 3E], Ly[E])). Denote by Up
the evolution operator of B. Choosing M > 0 and T € (0, Ty] appropriately,
one easily proves on the basis of (a slight modification of) Proposition 4.2
and [4, II. Lemma 5.1.3] that « is the unique fixed point in

Vr = {v e C([0,T].S, ,sE]); [lv ()Hs;q;B[E}SM,OStST}

of the contraction I : Vr — Vr given by

t
K(v)(t) := Ug(t,0)u’ +/ Us(t,s)G(s,v(s)) ds, 0<t<T, veVp.
0

Defining then ug := u® € V7 and ugy1 := K(ug) € Vr for k € N, we obtain
a sequence which converges in Vr towards w and satisfies ug(t) > 0 for
0<t¢t<Tandk € Nin view of (5.6) and Theorem 3.4 combined with [4, II.
Remark 2.1.2(d)]. Since L} [E] is closed in Ly[E], we conclude u(t) > 0 for
0 <t <T. Next put

T* :=sup{r € J(u’);ut)>0,0<t <7}

and assume T < sup J(u®). Clearly u(T*) > 0, so a repetition of the above
arguments yields a contradiction. Thus u(t) > 0 for all t € J(u).

(ii)) If n/2p < p < n/p < 2 with pu # 141 /p, we deduce the assertion from
(i), Corollary 3.5, and the continuous dependence of u(-;u°) on the initial
value u".

(iii) For the remainder of the proof, we write

up = up(;u”) € C(Jp(u?), Sy 5[ E))

»UpgiB
for the maximal L,[E] solution to (CP),o with initial value u° € Sy 45l E)-
In the following, we say that P(«) is true for a given « € [2, 4], provided

up(t;u’) 20, tep(u), u’eSpilE],

whenever

pe(l,0), n<ap, pe(n/2p,2)\{1+1/p}.

The goal is then to verify P(4). First we claim that P(«) implies P(2+«/2)
for a € [2,4). To see this, let o € [2,4) be such that P(«a) is true and fix

€ (1,00) with a<n/p<2+a/2. (5.7)

Provided max{l +1/p,n/p— a/2} < u < 2, we can choose € > 0 small
such that u —n/p >mn—mn/p for p:=n/a+ e and n:=n/2p + . Section 2
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. "
entails then Sp’q;B

yields solutions

[E] — S} .glE]. Thus, given u° € Sg’lqug[E], Theorem 5.1

up = up(-;u’) € C(J,(u), St 8lE])

and

w, = u,y(-;ul) € C’(Jg(uo), qu;B[E])

both satisfying (C'P),0. Furthermore, Lemma 3.2 guarantees that u, and u,
are mild solutions of (CP),o in L,[E]; that is, both satisfy the fixed-point
equation

u(t) = UAQ(t,O)uO + /Ot Ua,(t,s)L(s,v(s)) ds

on their domains of definition. Taking into account Theorem 2.1, Proposi-
tion 4.2, and [4, II. Lemma 5.1.3], we may apply Gronwall’s inequality to
deduce

up(t) = upt) 2 0, € Jp(u®) N Ip(u) |
where positivity stems from the validity of P(«). A contradiction argument
as in the last step of (i) entails then u,(t) > 0 for t € J,(u).

Now, if € (n/2p, 2)\ {1+ 1/p} is arbitrary and p still satisfies (5.7), we
deduce positivity from the previous consideration by a density argument as
in (ii). Therefore, P(«) indeed implies P(2 4+ «/2) for « € [2,4).

(iv) Finally, for j € N put a; := 4 — 277/ 4. Owing to (i) and (ii),
P(oy) is true. Applying (iii), we inductively obtain that also P(c;) is true
for 7 > 1. Obviously, this proves the theorem. O

5.4. Global existence. In this concluding subsection we give sufficient con-
ditions for global existence. Roughly, solutions to (C'P),o exist globally ei-
ther if diffusion is independent of droplet size or if space dimension equals
1. We first focus on the former case.

Throughout we assume that

the hypotheses of Theorem 5.1 as well

as (5.2), (5.3), and (5.5) are satisfied. (5-8)

Theorem 5.5. Let (5.8) be valid. Then, given any u® € SI‘:’;B[E], the

solution u = u(-;u®) exists globally, that is, J(u®) = R*, provided one of the
following conditions holds:

(i) for each T > 0 there exists C(T') > 0 such that
[l < CT) . t€ J@)N[0,T]
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(ii) there exists k € C(R™) with
K(t,z;y,9) <k(t)yy' , (tz)eRTxQ, aeyy ey,
and for each T > 0 there exists C(T') > 0 such that

/ yu(t,z,y) dy < c(T), ae zecQ, teJw’)N0,T]. (5.9)
Y

Proof. Let T > 0 be arbitrary and set Jp := J(u®) N [0,7]. In the fol-
lowing we denote by ¢(T') various constants which depend on 7' but not
on other crucial variables. Temporarily, fix ¢ € Jpr and = € Q such that
u(t,z) = u(t,z,-) € ET and such that

/u@wwhwﬁcﬂ)
Y

in case (i) or such that (5.9) holds in case (ii). For v € E we put in case (i)

(N@@w:{”g? Ly

and in case (ii) we define

mmxw;:{y%@v Ly

Then, it readily follows in both of the cases (i) and (ii) that
126 (&, w(®)) @)[| p + [ 22t w@) (@) + ([ 22 (8 u®) @) 5
< D)1+ [INu(t, 2)l[z, o) lult, ) e 5 (5.10)

where Lfl(t,v) = L{l(t,v,v) is defined as in Section 4. Due to Young’s
inequality we have

HL}_ (t,u(t))(x)HE < c(T></Oyo

Yy
/ K(tvx;ylay_y,)
0

x u(t,z,y )u(t,z,y —y') dy’ ’ dy) V2 (5.11)
< o(D)||WNult, 2) * Nult,2)) ||, @ < (DNt 2|z, 0 INult,2)le

where f * g denotes the convolution of f and g. Moreover, applying Jensen’s
inequality, Fubini’s theorem, and Young’s inequality—in this order—we de-
rive

|LZ(t,u(t)) ()], < C(T)</0

Yo ,
ﬁc(@ iy 79)

Yy
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x [(Nu(t,z)) « (Nu(t, )] (y) dy/

<e)( [ [ ety ) Pl [Wue0) = (Wate,2)]0)Payan)
< o) (Vut.)) * (Nu(t,2)) ||z < DIV U], N0t )]

where we additionally used that 8. € C(R*, BUC|[F,]). Analogously we
deduce

2 1/2
dy) (5.12)

[Ls (£, u(®) (2)|| g < (D) INult, ), ) INult 2)lle - (5.13)

Since [|Nu(t, )| 1, vy < C(T) by the choice of 2 € Q, estimates (5.10)—(5.13)
entail

|Z(t,u®) ()] p < «(D)llult, )5
so that we end up with

HL(t,u(t))HLP[E] <c(Mu®llrE > te€JIr.
Due to Theorem 2.1 and [4, II. Lemma 5.1.3], we have
1Ua, (& 8) | orpm),5% ) < ()~ §)TH? . 0<s<t<T,
whence

lu@llse 10 < HUAp(tvO)UOHS]g’q;B[E]

t
+/0 1T, (& ) eqny 1,52 gt | E(s w()) || gy ds

P,

t
< Ty, i+ lT) [ (=) u(s) g
for t € Jr. The embedding SJ x[E] < Ly[E] and Gronwall’s inequality
imply then (5.1). O
Remark 5.6. Observe that we have proven in (5.10)—(5.13)
|Lt @) < @)+l lo@le, s, 0<t<T,
for T >0 and v € E®.

The next corollary specifies conditions ensuring the a priori estimates
required in Theorem 5.5.

Corollary 5.7. Suppose (5.8), and let the diffusion coefficient be indepen-
dent of y € Y and t € RY. Then J(u®) = RT for u® € S;’;FB[E] provided
that one of the following conditions is valid:

(i) u® belongs to Loo[L1(Y)];
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.o 0 .
(ii) u” satisfies
0
ess—supxeg/ yu (z,y) dy < oo,
Y

and there exists k € C(R™) such that
K(t,z;y,y) <k@)yy, (t,z) € RT x Q, for almost every y,y €Y. (5.14)
Proof. Due to Theorems 5.1 and 5.4 we know that
u=u(;u’) € C'(J(u0), Ly[E]) N C(J(u"), H] 3] E))

is nonnegative. Using the facts that the smooth C.(Y)-valued functions
defined on 2 form a dense subspace of Hg [Ly(Y)] = qu [Ly(Y)] and that

Lg[Lg(Y)] = Ly (Y, Lg(R2)), we obtain from (5.2), (5.3), and [41, Lemma 2.6]
that the function w, given by

w(s, x) ::/ yu(s,z,y) dy, ae2z€Q, seJu’),
Y
solves the problem
w—dAw =0, Jw=0

in Ly(2), where ¢ := min{p,2}. Since the scalar-valued Laplace operator
subject to Neumann boundary conditions generates a semigroup of contrac-
tions on Lo (2) (see [32]), we conclude in both of the cases (i) and (ii)

lw®llze@) < w(0)llzp@) < oo, teJ(’). (5.15)

Therefore, (5.9) holds in case (ii), so we may focus on case (i) in the following.
Fix T > 0 arbitrarily and put J7 := J(u") N[0, T]. Defining

v(t,x)::/u(t,x,y)dy, aexzeQ, teldp,
Y

and recalling u(t,z,-) € E* for t € Jr and almost every x € Q, we deduce
that v satisfies 0,v = 0 and

o(6) = dao(t) = [ L{tu(®) dy < o) (1 + [0(0)]rio)o(®) < roft)

almost everywhere in 2 for 0 < ¢t < T and some k := k(T) > 0, whereby

the first inequality is due to (5.4) (see [41, Lemma 2.6] and the proof of [41,

Theorem 2.9(ii)]) and the second is due to (5.15). This implies
Ju®) e pavy = 0O pw @) < €™ [0(0)||p ) <00, tEJr,

which proves the claim. ]
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L
Remark 5.8. Note that Sp’ B

lary 5.7 holds true in this case.

[E] — Loo[L1(Y)] if p > n/p, so (i) of Corol-

In order to discuss global existence for diffusion coefficients depending
on droplet size, let us first recall some facts on interpolation-extrapolation
theory. Concerning more detailed information on this subject, we refer to

[4].

For the remainder we assume
de C(Y/, (0,00)) and 1<p,qg<oo. (5.16)

Put Eg := L,[E] and E; := Hz,B[E]' Then E; is dense in the reflexive space
Eqp and

Ay = Ap = Ap[d] S H(El,Eo) .
Choose w > 0 such that the spectrum of w + Ay is contained in [Rez > 0],
and set

E_y = (Eo, | @+ A0) ™" )

where ( . )N means completion. Denoting by A_; the closure of Ag in E_;,
we have A_; € H(Eo,E_1). We then set for 6 € (0,1)

[ G)eg i {SpylEl; p# 0} = {BhlE]; u# 0},
(2)o '_{Me if }SZL,Z[E];M#O% EH%TE];M#O}-

Given k € {0,—1} and 0 € (0,1), define E1¢ := (Eg, Ex41)9 and denote by
Aj1g the Ejg-realization of Aj. Furthermore, put for 6 € (0,1)

(.’.)ﬁ . { ('7')9#1’ it ()e= ('7')6',q

R N O N O R
and ]Eg := (Ep)’' = Ly|[E]. Then Lemma 3.6 guarantees
Af = (ho) = (4)' = 4y,

and hence Eq = D(Ag) = Hz,ﬁ[E]. Choose w* > 0 similarly as before and
put

By = (B, || (0 + AD) - [les)”
and again Eﬁk_i_e = (EQ,E’;H)Q for k € {0,—1} and 6 € (0,1).

As the next proposition shows, each —A, is the generator of an analytic
semigroup in E, and the latter can be further characterized.

Proposition 5.9. (i) It holds that A, € H(Eq+1,Eq) for =1 < a <0 and
Ay DAg for -1 <a<p<0.
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(ii) It holds that

520 BlE] if 1+1/p < 20 < 2,

52 [E] if —14+1/p < 20 < 14+1/p,
Ep = 5 ,

[SS2E] if —24+1/p < 20 < —1+1/p,

(520 glE)])if —2 < 20 < —2+41/p.

Proof. Since (i) follows from [4], it remains to prove (ii). From Theorem 2.1
we obtain

Ee—Spqu[E] ) 296[0,2]\{1+1/p} )
and

Ef =S¥, glE], 20€0,2]\{1+1/p'}.
According to [4, V. Theorem 1.5.12], the dual space (Eg)" of Ey (with respect
to the duality pairing induced by the L,-duality pairing) coincides with Eﬁ_ 0
except for equivalent norms. Hence Egy = (Eﬁ_e), due to the fact that Eg is
reflexive (observe that (-, )y is admissible), and finally

=[5, 2 glE))" . 20€[-2,01\{-2+1/p} .

p’q';B
Recalling (2.10) and the definition of the spaces Squ[ ] for 26 > 0, the
assertion is evident. O
Corollary 5.10. L1[E] — Eg provided n(1 —1/p) < —20 <2 —1/p.

Proof. From —20 > n/p’ it follows that SI;QQG, [E] — C(Q, E), and this
embedding is dense. Thus, for each w € L;[E],

’/ ) g da| < cllwllLe Iollg 05+ v S;20E]

whence w € [S;qu/ [EH . Part (ii) of Proposition 5.9 entails then the asser-

tion. O

Now we can state the theorem on global existence for droplet-size-depen-
dent diffusion coefficients in case of n = 1.

Theorem 5.11. Suppose n =1, and let (5.8) and (5.16) be satisfied. More-
over, suppose

(i) for (t,xz) € RT x Q and almost every y+y' € Y it holds that

y+y’
Qt,z;y,y) (/ Be(t,z;y+vy,y") dy” — 2) < P(t,z;y,y")
0
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and
(ii) for (t,x) € RT x Q and almost every y +y' € (yo,2yo] it holds that

Yo

Bs(t, iy +y,y") dy' =2
0

Then J(u®) = RT provided u° € SK’JB[E] with p > 1/p.
Proof. Integrating the equation
w—d(y)Au= L(t,u(t)) , te J() ,

over {2 x Y and taking into account the Neumann boundary conditions, we

obtain
// dydx—// (t,u(t)) dyde , te Jul) .

In view of [41, Lemma 2.6], the positivity of u(t) and hypotheses (i) and (ii)

yield
// tu dyda:<c // Ydydz , te Jp,

where Jp := J(u®) N[0, T] for T > 0 arbitrary. Therefore,
lulLy vy < elT), teJr. (5.17)

We may assume 1/p < u <1+ 1/p. Fixing 2¢ € (-2 + p,—1+ 1/p), Propo-
sition 5.9 yields Ar € H(E¢41,E¢). Let 0 <9 <n <1 be with

—24+1/p<2(+20<—1+1/p<pu=2C+2n<2(+2,

and choose £ > 0 small. From Corollary 5.10 and [4, V. Theorem 1.5.3] we
deduce

Ly[E] = Ecyo = (B¢, Ecq1)9— =1 Eg—c (5.18)
and
Epte = (B¢, Ecy1)nte = Eppp = Sy plE] - (5.19)
Furthermore, Remark 5.6 entails that, for ¢t € Jp,
|| Z (¢, u(t)) HLl[E] < o(T) (1 + )l 2y 2, ) 1) Lo 2
< @) u®)l g im1

where the second inequality stems from (5.17) and g > 1/p. Due to (5.18)
we thus conclude

HL(t,u(t))HEﬁiE <c(Du®lsr, g tEJIT- (5.20)
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Since Eg — E¢ and E; < E¢41, we see that
u € C(Jr,EBe) NC(Jr,Eeyr) N CHJ7, Ee)
solves the Cauchy problem
U+ Acu = L(t,u) in E;.

Thus, owing to (5.19), (5.20), and [4, V. Theorem 1.5.3 and II. Lemma 5.1.3],
it follows that

—th¢, 0
l@)llsp iz < lle™ullgy ey
t
+C/O He_(t_S)ACHC(Eﬁ—stnwLE)

t
< AT M) [ = sy, i

L(s,u(s)) HEWE ds

for t € Jp, where X 1= 3e+n—10 € (0,1). The singular Gronwall’s inequality
(see [4, II. Corollary 3.3.2]) entails then for to € J(u)

lu(®)llgp. o < e(Tto) € T(®) A [t0,T]
Hence, Theorem 5.1 leads to the assertion. ]

Remark 5.12. Observe that hypothesis (ii) of Theorem 5.11 indicates bi-
nary scattering; i.e., each scattering event results in exactly two daughter
droplets. Also note that hypothesis (i) of Theorem 5.11 holds provided that
collisional breakage is a binary mechanism, or if it is absent, that is, if Q = 0.

Example 5.13. Let us consider a possible choice of kernels to illustrate our
preceding results, namely if fragmentation is subject to a power-law break
up. For simplicity we omit time and space dependence.

Suppose P,Q € LT (Y x Y) are symmetric, satisfy 0 < P+ Q < 1, and
that there exists y € Y such that Q(y,y’) = 0 for almost every 0 < y+y' < y.
Define then

Yy, y') = hy* MY 0<y <y<wo,
Bely,y/) = (C+ 2y~ *(y)* . y<y<wy, 0<y <y,
Bs(y,y') == (v +2)yy~ "y()", 0<y <yo<y=2yo,
with « >1/2,0>¢,(,v > —1/2, and h > 0. Extending v and (. by zero it
is easily seen that
(7, e, Bs) € Ff x S x Ff
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and that (5.2) as well as (5.3) are satisfied. Moreover, (i) of Theorem 5.11
holds provided that

¢+1
e.g. if ( = 0 (corresponding to binary shattering), and (ii) of Theorem 5.11
holds for v = 0 (binary scattering). Finally, collision rates of the form
K(y,y)=A+By+y) +Clyy) . vy €Y,

with o,7 > 0 and A, B,C > 0 belong to F." and, in addition, (5.14) is valid
for A=B=0and 7> 1.
For further examples we refer to [42].

(v, ) < Py,y), aey<y+y <y,
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