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Abstract. We consider linear age-structured population equations with diffusion. Supposing
maximal regularity of the diffusion operator, we characterize the generator and its spectral

properties of the associated strongly continuous semigroup. In particular, we provide conditions
for stability of the zero solution and for asynchronous exponential growth.

1. Introduction

There are numerous applications of population models incorporating age and spatial structure,
including – among many more – tumor growth, bacteria swarming, and epidemic models (for
example, see the references in [18, 22]). In many instances, the age of individuals has an important
impact on the processes determining the dynamics of the population, e.g. on birth and death
processes or on spatial dispersion. To consider a simple prototype model describing the evolution
of an age and spatially structured population, let u = u(t, a, x) ≥ 0 denote the distribution density
with respect to age a ∈ J := [0, am) and spatial position x ∈ Ω of the population at time t ≥ 0,
where am ∈ (0,∞] is the maximal age and Ω is a bounded and smooth domain in Rn. Suppose
that the individuals’ movement can be described by a diffusion term divx(d(a, x)∇xu), where the
dispersal speed d(a, x) > 0 reflects a movement behavior depending on age class and takes into
account spatial heterogeneity of the environment. Further suppose that also the birth and death
rates, b = b(a, x) ≥ 0 and µ = µ(a, x) ≥ 0, respectively, depend on age a ∈ J and spatial position
x ∈ Ω. If the individuals may not leave the spatial domain, then the dynamics of the population
with initial distribution φ = φ(a, x) ≥ 0 is governed by the equations

∂tu+ ∂au = divx
(
d(a, x)∇xu

)
− µ(a, x)u , t > 0 , a ∈ (0, am) , x ∈ Ω , (1.1)

u(t, 0, x) =

∫ am

0

b(a, x)u(a) da , t > 0 , x ∈ Ω , (1.2)

∂νu(t, a, x) = 0 , t > 0 , a ∈ (0, am) , x ∈ ∂Ω , (1.3)

u(0, a, x) = φ(a, x) , a ∈ (0, am) , x ∈ Ω , (1.4)

with ν denoting the outward unit normal on ∂Ω. Equations like these and variants thereof, e.g.
for constant or time-dependent (general second order elliptic) diffusion operators, have been in-
vestigated by many authors, for example see [5, 7, 11, 12, 14, 15, 22] and the references therein
though this list is far from being complete. Our objective here is to provide an abstract functional
analytic framework – based on the property of maximal regularity of the diffusion operator –
which yields a suitable theory on existence and large time dynamics of solutions and that allows
one to tackle nonlinear problems later on. To set the stage, let E0 := Lp(Ω) with p ∈ (1,∞) be
ordered by its positive cone E+

0 = L+
p (Ω) of functions that are nonnegative almost everywhere.
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Let E1 := W 2
p,B(Ω) denote the space consisting of all functions w : Ω → R in the usual Sobolev

space W 2
p (Ω) satisfying the boundary condition ∂νw = 0 on ∂Ω. Setting

A(a)w := −divx
(
d(a, ·)∇xw

)
+ µ(a, ·)w , w ∈ E1 ,

we can reformulate (1.1)-(1.4) as an abstract problem of the form

∂tu + ∂au + A(a)u = 0 , t > 0 , a ∈ (0, am) , (1.5)

u(t, 0) =

∫ am

0

b(a)u(t, a) da , t > 0 , (1.6)

u(0, a) = φ(a) , a ∈ (0, am) , (1.7)

where u : R+×J → E+
0 with u(t, a) ∈ E1 for (t, a) ∈ (0,∞)×(0, am). All equations are understood

in the Banach lattice E0. In the following, we shall focus our attention on this abstract form.
Recall, e.g. from [22], that a strongly continuous semigroup in L1(J,E0) can be associated with

(1.5)-(1.7) if −A is independent of age and generates itself a strongly continuous semigroup on E0,
see also [5, 15]. This is derived upon formally integrating (1.5) along characteristics what gives the
semigroup rather explicitly. The approach has been extended to investigate the well-posedness of
models featuring nonlinearities in the operator A = A(t, u) or in the birth rates b = b(t, u) [16, 18].

A slightly different approach has been chosen in [14]. On employing methods for positive
perturbations of semigroups it has been shown that a strongly continuous semigroup for (1.5)-
(1.7) in L1(J,E0) is obtained as the derivative of an integrated semigroup. Moreover, this strongly
continuous semigroup is shown to enjoy certain compactness properties and to exhibit asynchronous
exponential growth, i.e. it stabilizes as t → ∞ to a one-dimensional image of the state space of
initial values, after multiplication by an exponential factor in time. This result has been recovered
as a particular case in [12] (also see [11]), where time-dependent birth rates have been included by
means of perturbation techniques of Miyadera type. It is noteworthy that the general results of
[14] apply as well to other situations than A describing spatial diffusion.

The strongly continuous semigroup from [22, 15] associated with (1.5)-(1.7) has the advantage
that certain properties — like regularizing effects in the case that −A generates an analytic semi-
group, being of utmost importance in nonlinear equations, see [16, 18] — can be read off its formula
rather easily, see Theorem 2.2 below and the subsequent remarks. The domain of the generator
of this semigroup is in general not fully identified, cf. [15, 16]. The objective of the present paper
is to characterize the (domain of the) infinitesimal generator of the strongly continuous semigroup
associated with (1.5)-(1.7) and to investigate its spectral properties in the case that the operator
−A has the property of maximal Lp-regularity. This assumption is satisfied in many applications,
e.g. when −A is a second order elliptic differential operator in divergence form as in (1.1). Maximal
regularity provides an adequate functional analytic setting for the characterization of the genera-
tor of the semigroup associated with (1.5)-(1.7) in the phase space Lp(J,E0) and its resolvent, see
Theorem 2.8 below. Knowing the generator precisely, we then investigate its growth bound and
derive a stability result for the trivial solution, see Theorem 3.5 below. Moreover, we provide in
Theorem 3.7 a condition that implies asynchronous exponential growth of the semigroup. Finally,
we give an application to time-dependent diffusion operators A = A(t, a) in Proposition 2.10.

Besides a precise description of the semigroup with its generator and stability of the trivial
solution, we obtain a similar result on asynchronous exponential growth as previously proved
in [14, 12] by another approach which is inspired by the results in [20] that were dedicated to
the non-diffusive scalar case. We shall point out, however, that the results and the approach
presented herein may serve as a basis for a future investigation of qualitative aspects of solutions
to models featuring nonlinearities in the diffusion part and in the age-boundary condition, i.e. for
diffusion operators of the form A = A(u) and birth rates b = b(u), by means of linearization and
perturbation techniques. Finally, from a technical point of view (and different than in many other
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research papers) it also seems to be worthwhile to point out that the cases of a finite or infinite
maximal age am are treated simultaneously herein.

2. The Semigroup and its Generator

2.1. Notation and Assumptions. Given a closed linear operator A on a Banach space, we
let σ(A) and σp(A) denote its spectrum and point spectrum, respectively. The essential spectrum
σe(A) ofA consists of those spectral points λ ofA such that the image im(λ−A) is not closed, or λ is
a limit point of σ(A), or the dimension of the kernel ker(λ−A) is infinite. The peripheral spectrum
σ0(A) is defined as σ0(A) := {λ ∈ σ(A) ; Reλ = s(A)}, where s(A) := sup{Reλ ; λ ∈ σ(A)}
denotes the spectral bound of A. The resolvent set C \ σ(A) is denoted by %(A).

Throughout E0 is a real Banach lattice ordered by a closed convex cone E+
0 . However, we do

not distinguish E0 from its complexification in our notation as no confusion seems likely. Recall
that u ∈ E+

0 is quasi-interior if 〈f, u〉 > 0 for all f in the dual space E′0 with f > 0 .
Let E1 be a densely and compactly embedded subspace of E0. We fix p ∈ (1,∞), put

ς := ς(p) := 1− 1/p and set

Eς := (E0, E1)ς,p , Eθ := (E0, E1)θ

for θ ∈ [0, 1] \ {1 − 1/p} with (·, ·)ς,p being the real interpolation functor and (·, ·)θ being any
admissible interpolation functor. We equip these interpolation spaces with the order naturally
induced by E+

0 . Observe that Eθ embeds compactly in Eϑ provided 0 ≤ ϑ < θ ≤ 1. Recall that
J = [0, am), where am ∈ (0,∞] so that J may be bounded or unbounded. We put

E0 := Lp(J,E0) , E1 := Lp(J,E1) ∩W 1
p (J,E0)

and recall that
E1 ↪→ BUC(J,Eς) (2.1)

according to, e.g. [1, III.Thm.4.10.2], where BUC stands for the bounded and uniformly continuous
functions. In particular, the trace γ0u := u(0) is well-defined for u ∈ E1 and γ0 ∈ L(E1, Eς). Let
E+

0 denote the functions in E0 taking almost everywhere values in E+
0 . Note that E0 is a Banach

lattice. We further assume that

A ∈ L∞(J,L(E1, E0)) , σ +A ∈ Cρ(J,H(E1, E0;κ, ν)) (2.2)

for some ρ, ν > 0, κ ≥ 1, σ ∈ R. Here H(E1, E0;κ, ν) consists of all negative generators −A of
analytic semigroups on E0 with domain E1 such that ν +A is an isomorphism from E1 to E0 and

κ−1 ≤ ‖(λ+A)x‖E0

|λ| ‖x‖E0
+ ‖x‖E1

≤ κ , x ∈ E1 \ {0} , Reλ ≥ ν .

Note that A generates a parabolic evolution operator Π(a, σ) := ΠA(a, σ), 0 ≤ σ ≤ a < am, on E0

with regularity subspace E1 according to [1, II.Cor.4.4.2] and there are M ≥ 1 and $ ∈ R such
that

‖Π(a, σ)‖L(Eα) + (a− σ)α−β1‖Π(a, σ)‖L(Eβ ,Eα) ≤Me−$(a−σ) , 0 ≤ σ ≤ a < am , (2.3)

for 0 ≤ β1 ≤ β < α ≤ 1 with β1 < β if β > 0, see [1, II.Lem.5.1.3]. We further assume that Π(a, σ)
is positive for 0 ≤ σ ≤ a < am and that

$ > 0 if am =∞ . (2.4)

Moreover, we assume that

for each Re λ > −$, the operator Aλ := λ+A has maximal Lp-regularity,

that is, (∂a +Aλ, γ0) : E1 → E0 × Eς is an isomorphism .
(2.5)

Let the birth rate b be such that

b ∈ L∞(J,L(Eθ)) ∩ Lp′(J,L(Eθ)) , b(a) ∈ L+(E0) , a ∈ J , (2.6)
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for θ ∈ [0, 1], where p′ is the dual exponent of p. We also assume that

b(a)Π(a, 0) ∈ L+(E0) is irreducible for a in a subset of J of positive measure . (2.7)

Some of the assumptions above are redundant if am <∞. For instance, if am <∞ and

A ∈ Cρ([0, am],L(E1, E0))

is such that −A(a) generates an analytic semigroup on E0 for each a ∈ J , then (2.2) holds. We
shall furthermore point out that not all assumptions will be needed in this strength but are imposed
for the sake of simplicity. In particular, if µ being a real-valued, nonnegative continuous function
and A(a) is as in the introduction, then it suffices that the diffusion part A(a)−µ(a) satisfies (2.2)
for what follows by keeping in mind that

Π(a, σ) = e−
∫ a
σ
µ(r)drU(a, σ)

with U denoting the evolution operator associated with A− µ. Also, (2.6) is not required for the
whole range of θ ∈ [0, 1].

We remark that the assumptions above are satisfied in many applications with A describing
spatial diffusion, for example see [17, Sect.3], [19, Sect.3]. For details about parabolic evolution
operators and operators having maximal regularity we refer the reader, e.g., to [1]. A summary on
positive operators in ordered Banach spaces can be found e.g. in [3].

Due to (2.5), the operator Aλ = λ+A has maximal Lp-regularity on J for each λ ∈ C provided
Reλ > −$ if am =∞ and it generates a parabolic evolution operator

Πλ(a, σ) := e−λ(a−σ) Π(a, σ) , 0 ≤ s ≤ a < am ,

on E0. Consequently, the unique solution φ ∈ E1 to

∂aφ+Aλ(a)φ = f(a) , a ∈ (0, am) , φ(0) = φ0

for φ0 ∈ Eς and f ∈ E0 is given by

φ(a) = Πλ(a, 0)φ0 +

∫ a

0

Πλ(a, s) f(s) ds , a ∈ J .

In particular, Πλ(·, 0) ∈ L(Eς ,E1) for λ ∈ C with Reλ > −$ if am =∞.

2.2. The Semigroup and its Generator. On integrating (1.5) along characteristics we formally
derive that the solution [S(t)φ](a) := u(t, a) to (1.5)-(1.7) is given by[

S(t)φ
]
(a) :=

{
Π(a, a− t)φ(a− t) , 0 ≤ t ≤ a < am ,

Π(a, 0)Bφ(t− a) , 0 ≤ a < am , t > a ,
(2.8)

where Bφ := u(·, 0) satisfies according to (1.6) the Volterra equation

Bφ(t) =

∫ t

0

h(a) b(a) Π(a, 0)Bφ(t−a) da+

∫ am−t

0

h(a) b(a+t) Π(a+t, a)φ(a) da , t ≥ 0 , (2.9)

with cut-off function h(a) := 1 if a ∈ (0, am) and h(a) := 0 otherwise. Note that

Bφ(t) =

∫ am

0

b(a)
[
S(t)φ

]
(a) da , t ≥ 0 . (2.10)

To make the formal integration rigorous, we first observe:

Lemma 2.1. There exists a mapping [φ 7→ Bφ] ∈ L
(
E0, C(R+, E0)

)
such that Bφ is the unique

solution to (2.9). If φ ∈ E+
0 , then Bφ(t) ∈ E+

0 for t ≥ 0. Given θ ∈ [0, 1], there is N := N(θ) > 0
such that

‖Bφ(t)‖Eθ ≤ N t−θe(−$+ζ(θ))t ‖φ‖E0
, t > 0 , (2.11)

where ζ(θ) := (1 + θ)M‖b‖L∞(J,L(Eθ)).
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Proof. The proof is straightforward by standard arguments, similar statements are found in [22,
Thm.4] and [15, Lem.2.1]. We only note that one obtains, for t > 0, on applying (2.3) to (2.9) and
on using (2.6),

e$t‖Bφ(t)‖Eθ ≤M‖b‖L∞(J,L(Eθ))

∫ t

0

e$a ‖Bφ(a)‖Eθ da+M‖b‖Lp′ (J,L(Eθ))‖φ‖E0t
−θ

and thus (2.11) follows from the singular Gronwall’s inequality [1, II.Cor.3.3.2]. �

Along the lines of [22, Thm.4] (for the case p = 1) and on using (2.3) and (2.11) (also see [15])
one easily proves the following:

Theorem 2.2. {S(t) ; t ≥ 0} given in (2.8) is a strongly continuous positive semigroup in E0 with

sup
t≥0

et($−ζ)‖S(t)‖L(E0) <∞ ,

where ζ := ζ(0) = M‖b‖L∞(J,L(E0)).

To include the case of time-dependent diffusion operators let us also observe that the same
calculations based on (2.11) yield:

Remark 2.3. If in (2.3) we have

‖Π(a, σ)‖L(E0) ≤ eη(a−σ) , 0 ≤ σ ≤ a < am ,

for some η ∈ R, then there is ξ := ξ(η) ∈ R such that ‖S(t)‖L(E0) ≤ eξt for t ≥ 0.

Though we shall not use it in the following let us also note that the semigroup {S(t) ; t ≥ 0}
inherits regularizing properties from the parabolic evolution operator stated in (2.3) , e.g. there
holds

‖S(t)φ‖Lp(J,Eθ) ≤ c(θ) t−θ et(−$+ζ(θ)) ‖φ‖E0 , t > 0 , φ ∈ E0 , θ ∈ [0, 1/p) .

Let −A denote the generator of the semigroup {S(t) ; t ≥ 0}. Based on the assumption of
maximal regularity of the operator A in (1.5), we now fully characterize −A. First, recall that
{λ ∈ C ; Reλ > ω(−A)} is a subset of the resolvent set %(−A), where the growth bound ω(−A) is
given by

ω(−A) := lim
t→∞

1

t
log ‖S(t)‖ .

Note that Theorem 2.2 entails
ω(−A) ≤ −$ + ζ . (2.12)

Let λ ∈ C be such that Reλ > −$ if am =∞. Observe that the solution to

∂aφ+Aλ(a)φ = 0 , a ∈ (0, am) , φ(0) =

∫ am

0

b(a)φ(a) da ,

is given by
φ(a) = Πλ(a, 0)φ(0) , a ∈ (0, am) , φ(0) = Qλφ(0) ,

where

Qλ :=

∫ am

0

b(a) Πλ(a, 0) da .

As we shall see, the spectrum of −A and thus the asymptotic behavior of solutions to (1.5)-(1.7)
is determined by the spectral radii of the λ-dependent family Qλ. From (2.3), (2.4), and (2.6) we
deduce the regularizing property

Qλ ∈ L(E0, Eθ) ∩ L(E1−θ, E1) , θ ∈ [0, 1) , (2.13)

and hence Qλ|Eθ ∈ L(Eθ) is compact for θ ∈ [0, 1) due to the compact embedding of Eα in Eβ for
0 ≤ β < α < 1. Consequently, σ(Qλ|Eθ ) \ {0} consists only of eigenvalues.
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Lemma 2.4. Let λ ∈ R with λ > −$ if am =∞. Then the spectral radius r(Qλ) is positive and
a simple eigenvalue of Qλ ∈ L(E0) with an eigenvector in E1 that is quasi-interior in E+

0 . It is
the only eigenvalue of Qλ with a positive eigenvector. Moreover, σ(Qλ|Eθ ) \ {0} = σ(Qλ) \ {0} for
θ ∈ [0, 1).

Proof. Since Qλ ∈ L(E0) is compact and irreducible according to (2.7) (see the proof of [19,
Lem.2.1]), it is a classical result that the spectral radius r(Qλ) is positive and a simple eigenvalue
of Qλ with a quasi-interior eigenvector [3, Thm.12.3]. This eigenvector belongs to E1 owing to
(2.13). The regularizing property (2.3) also ensures the last statement. �

In view of (2.13) and the observations stated in Lemma 2.4 we shall not distinguish between
Qλ ∈ L(E0) and Qλ|Eθ ∈ L(Eθ) in the sequel if θ ∈ [0, 1).

The arguments used in the proof of [19, Lem.2.2] reveal:

Lemma 2.5. Let I = R if am <∞ and I = (−$,∞) if am =∞. Then the mapping

[λ 7→ r(Qλ)] : I → (0,∞)

is continuous, strictly decreasing, and limλ→∞ r(Qλ) = 0. If am <∞, then limλ→−∞ r(Qλ) =∞.

Next, we characterize the resolvent of −A.

Lemma 2.6. Consider λ ∈ C such that Reλ > −$ + ζ and suppose that 1 − Qλ ∈ L(E0) is
bijective. Then[

(λ+ A)−1φ
]
(a) =

∫ a

0

Πλ(a, σ)φ(σ) dσ + Πλ(a, 0)(1−Qλ)−1

∫ am

0

b(s)

∫ s

0

Πλ(s, σ)φ(σ) dσ ds

(2.14)
for a ∈ J and φ ∈ E0.

Proof. By (2.12), any λ ∈ C with Reλ > −$ + ζ belongs to the resolvent set of −A, so it follows
from the Laplace transform formula and (2.8) that for φ ∈ E0 and a.a. a ∈ J we have[

(λ+ A)−1φ
]
(a) =

∫ ∞
0

e−λt
[
S(t)φ

]
(a) dt =

∫ a

0

Πλ(a, t)φ(t) dt+ Πλ(a, 0)

∫ ∞
0

e−λtBφ(t) dt .

Next, from (2.11),

Ψ :=

∫ ∞
0

e−λtBφ(t) dt ∈ E0

and, on using (2.8) and (2.10), we obtain

Ψ =

∫ am

0

b(a)

∫ ∞
0

e−λt
[
S(t)φ

]
(a) dtda

=

∫ am

0

b(a) Πλ(a, 0) daΨ +

∫ am

0

b(a)

∫ a

0

Πλ(a, t)φ(t) dtda ,

that is,

Ψ = (1−Qλ)−1

∫ am

0

b(a)

∫ a

0

Πλ(a, t)φ(t) dtda

from which the claim follows. �

Observe that Lemma 2.6 also holds without assumption (2.5) on maximal regularity of −A and
for φ ∈ L1(J,E0), i.e. for p = 1. However, (2.5) allows us to interpret formula (2.14) in an adequate
functional setting:
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Remark 2.7. Let φ ∈ E0, let λ ∈ C be such that Reλ > −$+ζ, and suppose that 1−Qλ ∈ L(E0)
is bijective. Recall from Lemma 2.4 that (1−Qλ)−1 ∈ L(Eς). Then, by (2.5),

(λ+ A)−1φ = vλφ+ wλφ , (2.15)

where maximal regularity of Aλ implies that vλφ ∈ E1, given by

(vλφ)(a) :=

∫ a

0

Πλ(a, σ)φ(σ) dσ , a ∈ J ,

is the unique solution to the Cauchy problem

∂av +Aλv = φ , a ∈ (0, am) , v(0) = 0 ,

and wλφ ∈ E1, given by

(wλφ)(a) := Πλ(a, 0)(1−Qλ)−1

∫ am

0

b(s) (vλφ)(s) ds , a ∈ J ,

is the unique solution to the Cauchy problem

∂aw +Aλw = 0 , a ∈ (0, am) , w(0) = (1−Qλ)−1

∫ am

0

b(s) (vλφ)(s) ds ∈ Eς .

The characterization of the generator −A of the semigroup {S(t) ; t ≥ 0} from Theorem 2.2 is
now straightforward.

Theorem 2.8. φ ∈ E0 belongs to the domain dom(−A) of −A if and only if φ ∈ E1 with

φ(0) =

∫ am

0

b(a)φ(a) da . (2.16)

Moreover, Aφ = ∂aφ+Aφ for φ ∈ dom(−A).

Proof. By Lemma 2.5, we can choose λ > −$+ζ such that 1−Qλ ∈ L(E0) is boundedly invertible.
Thus λ belongs to the resolvent set of −A by Theorem 2.2. Remark 2.7 easily gives dom(−A) ⊂ E1.
Moreover, if ψ ∈ E0 and φ := (λ+ A)−1ψ ∈ dom(−A), then φ(0) ∈ Eς by (2.1) and

φ(0) = (wλψ)(0) = (1−Qλ)−1

∫ am

0

b(a) (vλψ)(a) da .

The same calculations as in the proof of Lemma 2.6 yield∫ am

0

b(a)φ(a) da =

∫ ∞
0

e−λt
∫ am

0

b(a) [S(t)ψ](a) da dt = (1−Qλ)−1

∫ am

0

b(a) (vλψ)(a) da = φ(0) .

Conversely, if φ ∈ E1 satisfies (2.16), then ψ := (∂a + Aλ)φ ∈ E0 by (2.2) and, since φ(t) ∈ E1 for
a.a. t ∈ J , we have

∂

∂t

(
Πλ(a, t)φ(t)

)
= Πλ(a, t)ψ(t)

for a.a. t ∈ J and a > t due to the fact that Πλ is the parabolic evolution operator for Aλ.
Integration with respect to t gives

(vλψ)(a) = φ(a)−Πλ(a, 0)φ(0)

from which we obtain

(wλψ)(a) = Πλ(a, 0)(1−Qλ)−1

∫ am

0

b(s)
[
φ(s)−Πλ(s, 0)φ(0)

]
ds = Πλ(a, 0)φ(0)

for a ∈ J , whence

φ = vλψ + wλψ = (λ+ A)−1ψ ∈ dom(−A) .

Finally, (λ+ A)φ = ψ = (∂a +Aλ)φ and the proof is complete. �
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Remark 2.9. Theorem 2.2 and Theorem 2.8 show that for any initial value φ ∈ E1 satisfying
(2.16), the unique solution u ∈ C(R+,E1) ∩ C1(R+,E0) to (1.5)-(1.7) is given by u(t) = S(t)φ,
t ≥ 0, with S(t) defined in (2.8). If φ is only in E0, then u(t) = S(t)φ, t ≥ 0, defines a mild
solution in C(R+,E0). Moreover, u(t) ∈ E+

0 for t ≥ 0 if φ ∈ E+
0 .

The characterization of the generator in Theorem 2.8 allows us also to consider (momentarily)
time-dependent operators A = A(t) with time-independent domains by applying the theory for
hyperbolic evolution systems, e.g. see [9, 10]. More precisely, we have:

Proposition 2.10. Let b satisfy (2.6). Let T > 0 and consider

A ∈ C1
(
[0, T ], L∞(J,L(E1, E0))

)
such that A(t, ·) satisfies for each t ∈ [0, T ] assumptions (2.2), (2.3), (2.4), (2.5), and (2.7), where
σ, κ, ν, and $ therein may depend on t. Further suppose that

‖ΠA(t,·)(a, r)‖L(E0) ≤ eη(a−r) , 0 ≤ r ≤ a < am , (2.17)

for some η ∈ R being independent of t ∈ [0, T ]. For t ∈ [0, T ] define A(t) := ∂a + A(t, ·) with
domain given by D := {φ ∈ E1 ; φ satisfies (2.16)}. Then there is a unique, positive evolution
system U(t, s), 0 ≤ s ≤ t ≤ T in E0 to

u̇+ A(t)u = 0 , t ∈ (s, T ] , u(s) = φ

satisfying (E1) − (E5) in [10, Chapt.5]. In particular, this problem has for each φ ∈ D a unique
solution u ∈ C1

(
(s, T ],E0) ∩ C

(
[s, T ],D

)
.

Proof. It follows from Theorem 2.2 and Theorem 2.8 together with Remark 2.3 and (2.17) that
{−A(t) ; t ∈ [0, T ]} is in the sense of [10, Chapt.5] a stable family of infinitesimal generators of
strongly continuous semigroups on E0 with time-independent domain D. Moreover,(

t 7→ A(t)φ
)
∈ C1

(
[0, T ],E0)

for φ ∈ D. The assertion is now a consequence of [9] (see [10, 5.Thm.4.8]). �

3. Stability of the Trivial Solution and Asynchronous Exponential Growth

We now restrict our attention again to the time-independent situation and characterize the
growth bound ω(−A) of −A. We first analyze the point spectrum of −A and extend formula (2.14)
to a larger class of λ values.

Lemma 3.1. (i) Let λ ∈ C with Reλ > −$ if am = ∞ and let m ∈ N \ {0}. Then λ ∈ σp(−A)
with geometric multiplicity m if and only if 1 ∈ σp(Qλ) with geometric multiplicity m.
(ii) Formula (2.14) holds for any λ ∈ %(−A) provided Reλ > −$ if am =∞.

Proof. (i) Let λ ∈ C with Reλ > −$ if am =∞. Suppose λ ∈ σp(−A) has geometric multiplicity
m so that there are linearly independent φ1, ..., φm ∈ dom(−A) with (λ+A)φj = 0 for j = 1, ...,m.
From Theorem 2.8 we deduce

φj(a) = Πλ(a, 0)φj(0) with φj(0) = Qλφj(0) .

Hence, φ1(0), ...φm(0) are necessarily linearly independent eigenvectors of Qλ corresponding to the
eigenvalue 1. Now, suppose 1 ∈ σp(Qλ) has geometric multiplicity m so that there are linearly
independent Φ1, ...Φm ∈ Eς with QλΦj = Φj for j = 1, ...,m. Put φj := Πλ(·, 0)Φj ∈ E1 and note
that, for j = 1, ...,m,

∂aφj +Aλφj = 0 ,

∫ am

0

b(a)φj(a) da = QλΦj = Φj = φj(0) .
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Thus φj ∈ dom(−A) and (λ + A)φj = 0 by Theorem 2.8, i.e. λ ∈ σp(−A). If α1, ..., αm are any
scalars, the unique solvability of the Cauchy problem

∂aφ+Aλφ = 0 , a ∈ (0, am) , φ(0) =
∑
j

αj Φj

ensures that φ1, ..., φm are linearly independent. This proves (i).
(ii) Let λ ∈ %(−A) with Reλ > −$ if am =∞. Then Aλ has maximal regularity due to (2.5) and,
by Theorem 2.8, (λ+ A)ψ = φ with φ ∈ E0 and ψ ∈ E1 if and only if (∂a +Aλ)ψ = φ with

ψ(0) =

∫ am

0

b(a)ψ(a) da ,

that is,

ψ(a) = Πλ(a, 0)ψ(0) +

∫ a

0

Πλ(a, σ)φ(σ) dσ ,

(1−Qλ)ψ(0) =

∫ am

0

b(a)

∫ a

0

Πλ(a, σ)φ(σ) dσ da .

Since λ ∈ %(−A) and since Qλ is compact, (i) ensures that 1 ∈ %(Qλ), hence 1 − Qλ is invertible
and so

ψ(0) = (1−Qλ)−1

∫ am

0

b(a)

∫ a

0

Πλ(a, σ)φ(σ) dσ da .

As ψ = (λ+ A)−1φ, this gives formula (2.14). �

Recall that the α-growth bound ω1(−A) of −A is defined by

ω1(−A) := lim
t→∞

1

t
log
(
α(S(t))

)
,

where α denotes Kuratowski’s measure of non-compactness. That is, if B is a subset of a normed
vector space X, then α(B) is defined as the infimum over all δ > 0 such that B can be covered
with finitely many sets of diameter less than δ, and if T is a bounded operator on X, then α(T ) is
the infimum over all ε > 0 such that α(T (B)) ≤ εα(B) for any bounded set B ⊂ X. Recall that
ω1(−A) ≤ ω(−A).

We next provide bounds on ω1(−A).

Lemma 3.2. There holds

sup{Reλ ; λ ∈ σe(−A)} ≤ ω1(−A) ≤ −$ .

Moreover, if am <∞, then ω1(−A) = −∞ and the semigroup {S(t) ; t ≥ 0} is eventually compact.

Proof. The first inequality of the assertion is generally true for strongly continuous semigroups [22,
Prop.4.13]. We thus merely have to show that ω1(−A) ≤ −$ which can be done along the lines of
the scalar case [22, Thm.4.6]: Let t > 0 and write S(t) = U(t) +W (t), where U(t),W (t) ∈ L(E0)
are defined as[
U(t)φ

]
(a) :=

{
0 , a ∈ (0, t) ,[
S(t)φ

]
(a) , a ∈ (t, am) ,

[
W (t)φ

]
(a) :=

{[
S(t)φ

]
(a) , a ∈ (0, t) ,

0 , a ∈ (t, am) ,

for a ∈ J , φ ∈ E0. Observing that α(S(t)) ≤ α(U(t)) + α(W (t)) and, by (2.3) and (2.8),

α(U(t)) ≤ ‖U(t)‖L(E0) ≤Me−$t , t < am , (3.1)

the assertion follows from the definition of ω1(−A) provided we can show that α(W (t)) = 0. For
this it suffices to show that if B is any bounded subset of E0, then W (t)B is relatively compact in
E0. We use Kolmogorov’s compactness criterion [6, Thm.A.1] for which we may assume without



10 CHRISTOPH WALKER

loss of generality that am = ∞. Clearly, Theorem 2.2 ensures that W (t)B is bounded in E0. If
φ ∈ E0 and h > 0, then∫ ∞

0

‖[W (t)φ](a+ h)− [W (t)φ](a)‖pE0
da

≤
∫ t−h

0

‖Π(a+ h, 0)−Π(a, 0)‖pL(Eξ,E0) ‖Bφ(t− a− h)‖pEξ da

+

∫ t−h

0

‖Π(a, 0)‖pL(E0) ‖Bφ(t− a− h)−Bφ(t− a)‖pE0
da

+

∫ t

t−h
‖Π(a, 0)‖pL(E0) ‖Bφ(t− a)‖pE0

da ,

where ξ ∈ (0, 1/p). On using (2.3) and Lemma 2.1 it is readily seen that the second and third
integral on the right side tend to zero as h → 0, uniformly with respect to φ ∈ B. For the first
integral we use the fact (see [1, II.Eq.(5.3.8)]) that

‖Π(a+ h, 0)−Π(a, 0)‖L(Eξ,E0) ≤ c(t)hξ , a ≤ t ,
to obtain from Lemma 2.1 the estimate∫ t−h

0

‖Π(a+h, 0)−Π(a, 0)‖pL(Eξ,E0) ‖Bφ(t− a−h)‖pEξ da ≤ c(t)phξp
∫ t−h

0

(t− a−h)−ξp da ‖φ‖pE0

with right hand side tending to zero as h → 0, uniformly with respect to φ ∈ B. Next, by (2.3),
(2.8), and Lemma 2.1,

‖[W (t)φ](a)‖Eξ ≤ c(B, t) (t− a)−ξ , a < t ,

for some constant c(B, t). Given ε ∈ (0, t) let Rε be the E0-closure of the ball in Eξ centered at 0
of radius c(B, t)ε−ξ. Then Rε is compact in E0 since Eξ embeds compactly in E0 and

[W (t)φ](a) ∈ Rε , a ∈ R+ \ [t− ε, t] , φ ∈ B .

Therefore, [6, Thm.A.1] implies that W (t)B is relatively compact in E0, hence ω1(−A) ≤ −$.
Finally, if am <∞ and t > am, then U(t) = 0 and so S(t) = W (t). This proves the lemma. �

Lemma 3.3. Let λ ∈ σ(−A) with Reλ > −$ if am = ∞. Then λ ∈ σp(−A) \ σe(−A) and
1 ∈ σp(Qλ). Moreover, λ is isolated in σ(−A) and a pole of the resolvent [τ 7→ (τ + A)−1]. The
residue of the resolvent at λ,

Pλ :=
1

2πi

∫
Γ

(τ + A)−1 dτ ,

is a projection on E0 and E0 = im(Pλ) ⊕ im(1 − Pλ) with im(Pλ) = ker(λ + A)m, where Γ is a
positively oriented closed curve in the complex plane such that no point in σ(−A) lies in or on Γ
and m ∈ N is the order of the pole λ.

Proof. Let λ ∈ σ(−A) with Reλ > −$ if am = ∞. Since −A is closed and λ ∈ σ(−A) \ σe(−A)
by Lemma 3.2, it follows from [2] that λ ∈ σp(−A) is isolated in σ(−A) and a pole of the resolvent
[τ 7→ (τ + A)−1]. In particular, λ ∈ σp(−A) implies 1 ∈ σp(Qλ) by Lemma 3.1(i). Since λ is
isolated in σ(−A), the remaining assertions follow from Laurent series theory described in [8, 23],
for details we refer to [20, Prop.4.8, Prop.4.11]. �

Let us recall from [21, Prop.2.5] that the peripheral spectrum of the generator of a strongly
continuous positive semigroup in a Banach lattice consists exactly of the generator’s spectral bound
provided the latter is strictly greater than the α-growth bound. The proof of this result is based
on [4]. As this turns out to be a crucial tool for our purpose, we state it explicitly:

Proposition 3.4. If s(−A) > ω1(−A), then σ0(−A) = {s(−A)}.
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We now give a criterion for the spectral bound to be negative. Note that this result implies the
global asymptotic stability of the trivial solution to (1.5)-(1.6).

Theorem 3.5. If r(Q0) < 1, then ω(−A) < 0.

Proof. Let λ̂0 := s(−A). Since r(Q0) < 1 there is δ > 0 such that r(Q−δ) < 1 by Lemma 2.5. Fix
ε ∈ (0, δ) with ε < $ if am =∞, see (2.4). Suppose there is λ ∈ C with Reλ ≥ −ε and 1 ∈ σp(Qλ).

Then λ ∈ σ(−A) due to Lemma 3.1, whence λ̂0 ≥ −ε. Since ε < $ if am = ∞, Lemma 3.2 and

Proposition 3.4 entail σ0(−A) = {λ̂0}. Invoking Lemma 3.1 again we see that 1 ∈ σp(Qλ̂0
) and so

r(Qλ̂0
) ≥ 1. Lemma 2.5 then gives λ̂0 < −δ contradicting λ̂0 ≥ −ε and ε < δ. Consequently,

sup
{

Reλ ; 1 ∈ σp(Qλ)
}
≤ −ε < 0 . (3.2)

Recall e.g. from [20, Prop.4.13] that

ω(−A) = max
{
ω1(−A), sup

λ∈σ(−A)\σe(−A)

Reλ
}
.

Since $ > 0 if am =∞, the assertion is now an immediate consequence of (3.2), Lemma 3.2, and
Lemma 3.3. �

Next, we provide a criterion for asynchronous exponential growth of the semigroup {S(t); t ≥ 0}
which is analogous to the scalar case A ≡ µ in [20]. For similar results in the spatially inhomoge-
neous setting we refer to [14, 12]. We first need an auxiliary result.

Lemma 3.6. Let λ0 ∈ R with λ0 > −$ if am =∞ be such that r(Qλ0) = 1. Then λ0 is a simple
eigenvalue of −A.

Proof. According to Lemma 2.4 there is a quasi-interior eigenvector Φ0 ∈ E1 of Qλ0
corresponding

to the simple eigenvalue r(Qλ0
) = 1. By Theorem 2.8 and Lemma 3.1, ker(λ0 + A) is one-

dimensional and spanned by ϕ := Πλ0
(·, 0)Φ0. It thus remains to show that ker(λ0 + A)2 ⊂

ker(λ0 + A). Let ψ ∈ ker(λ0 + A)2 and set

φ := (λ0 + A)ψ ∈ ker(λ0 + A) .

Then φ = ξϕ for some ξ ∈ R. Suppose ξ 6= 0, so without loss of generality ξ > 0. Let τ > 0 be
such that τΦ0 + ψ(0) ∈ E+

ς \ {0} and put q := τϕ+ ψ ∈ dom(−A). Then (λ0 + A)q = φ and from
Theorem 2.8 it follows that

q(a) = Πλ0(a, 0)q(0) + ξ

∫ a

0

Πλ0(a, σ) Πλ0(σ, 0) Φ0 dσ = Πλ0(a, 0)q(0) + a ξΠλ0(a, 0) Φ0

and

q(0) =

∫ am

0

b(a) q(a) da .

Plugging the former into the second formula yields

(1−Qλ0
)q(0) = ξ

∫ am

0

b(a) aΠλ0
(a, 0) Φ0 da .

As q(0) and the right hand side are both positive and nonzero, we derive from [3, Cor.12.4] a
contradiction to r(Qλ0

) = 1. Consequently, ξ = 0 and the claim follows because now φ = 0. �

Exponential asynchronous growth of the semigroup {S(t); t ≥ 0} given in (2.8) is now an easy
consequence of [21]. Recall from Lemma 3.3 that Pλ0

: E0 → ker(λ0 +A) is a projection with rank
one.
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Theorem 3.7. Suppose that r(Qα) > 1 for some α ∈ R with α > −$ if am = ∞. Then
{S(t) ; t ≥ 0} has asynchronous exponential growth with intrinsic growth constant λ0, that is,

e−λ0t S(t) −→ Pλ0
in L(E0) as t→∞ ,

where λ0 > α is the unique number satisfying r(Qλ0) = 1.

Proof. By Lemma 2.5 there is a unique λ0 > α such that r(Qλ0
) = 1. Let λ̂0 := s(−A) denote the

spectral bound of −A. Then, owing to Lemma 2.4 and Lemma 3.3, λ̂0 ≥ λ0 and so λ̂0 > ω1(−A)
according to Lemma 3.2 since λ0 > −$ if am = ∞ or ω1(−A) = −∞ if am < ∞. Thus,

σ0(−A) = {λ̂0} by Proposition 3.4, and then 1 ∈ σp(Qλ̂0
) by Lemma 3.3 from which 1 ≤ r(Qλ̂0

).

However, due to λ̂0 ≥ λ0 and Lemma 2.5 we have r(Qλ̂0
) ≤ r(Qλ0

) = 1, whence λ̂0 = λ0. Con-

sequently, σ0(−A) = {λ0} and λ0 > ω1(−A). Finally, Lemma 3.6 together with Lemma 3.3
imply that λ0 is a simple pole of the resolvent (τ + A)−1. The assertion then follows from [21,
Prop.2.3]. �

To derive a formula for the projection Pλ0
: E0 → ker(λ0 + A) from Theorem 3.7 observe that

there is a quasi-interior element Φ0 in E1 such that ker(1 −Qλ0) = span{Φ0} and ker(λ0 + A) =
span{Πλ0(·, 0)Φ0}. Let φ ∈ E0 be fixed and let c(φ) ∈ R be such that Pλ0φ = c(φ)Πλ0(·, 0)Φ0.
Recall that λ0 is a simple pole of the resolvent (τ + A)−1. Since vλ is holomorphic in λ, it follows
from (2.15) and the Residue Theorem that

Pλ0φ = lim
λ→λ0

(λ− λ0)Πλ(·, 0)(1−Qλ)−1Hλφ , Hλφ :=

∫ am

0

b(s)

∫ s

0

Πλ(s, σ)φ(σ) dσ ds .

Let w′ ∈ E′0 be a positive eigenfunctional of the dual operator Q′λ0
of Qλ0

corresponding to the
eigenvalue r(Qλ0

) = 1. Then, for f ′ ∈ E′0 defined by

〈f ′, ψ〉 := 〈w′,
∫ am

0

b(a)ψ(a)da〉 , ψ ∈ E0 ,

we have, due to Q′λ0
w′ = w′, that

c(φ)〈w′,Φ0〉 = 〈f ′, Pλ0
φ〉 = lim

λ→λ0

〈f ′, (λ− λ0)Πλ(·, 0)(1−Qλ)−1Hλφ〉

= lim
λ→λ0

〈w′, (λ− λ0)(Qλ − 1 + 1)(1−Qλ)−1Hλφ〉

= lim
λ→λ0

〈w′, (λ− λ0)(1−Qλ)−1Hλφ〉 .

Writing
Hλφ = d

(
Hλφ

)
Φ0 ⊕ (1−Qλ0

)g
(
Hλφ

)
(3.3)

according to the decomposition E0 = R · Φ0 ⊕ rg(1−Qλ0), it follows

lim
λ→λ0

〈w′, (λ− λ0)(1−Qλ)−1Hλφ〉 = d
(
Hλ0φ

)
lim
λ→λ0

〈w′, (λ− λ0)(1−Qλ)−1Φ0〉

since Qλ is continuous in λ. But, from (3.3),

〈w′, Hλ0
φ〉 = d

(
Hλ0

φ
)
〈w′,Φ0〉

since Q′λ0
w′ = w′, whence d

(
Hλ0

φ
)

= ξ〈w′, Hλ0
φ〉 with ξ−1 = 〈w′,Φ0〉. Similarly, decomposing

Zλ := (λ− λ0)(1−Qλ)−1Φ0

we find
lim
λ→λ0

〈w′, Zλ〉 =
(

lim
λ→λ0

d
(
Zλ
))
〈w′,Φ0〉.

Gathering these observations, we derive

c(φ) 〈w′,Φ0〉 = C0 〈w′, Hλ0φ〉 〈w′,Φ0〉
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for some number C0. Consequently,

Pλ0φ = C0 〈w′, Hλ0φ〉Πλ0(·, 0)Φ0 .

Since Pλ0
is a projection, i.e. P 2

λ0
= Pλ0

, the constant C0 is easily computed and we obtain:

Proposition 3.8. Under the assumptions of Theorem 3.7, the projection Pλ0
is given by

Pλ0φ =
〈w′, Hλ0

φ〉
〈w′,

∫ am
0

ab(a)Πλ0
(a, 0)daΦ0〉

Πλ0(·, 0)Φ0 (3.4)

for φ ∈ E0, where

Hλ0
φ =

∫ am

0

b(s)

∫ s

0

Πλ0
(s, σ)φ(σ) dσ ds

and w′ ∈ E′0 is a positive eigenfunctional to the dual operator Q′λ0
of Qλ0

corresponding to the
eigenvalue r(Qλ0

) = 1.

Situations in which assumptions (2.2)-(2.7) are satisfied occur, for instance, when A is a second
order elliptic operator in divergence form. In particular, in example (1.1)-(1.4) from the introduc-
tion assumptions (2.2)-(2.7) are satisfied provided am <∞ and the functions µ, b are (sufficiently)
smooth, nonnegative, and bounded while d is smooth and strictly positive on J̄ × Ω̄. If am = ∞
then one additionally requires for maximal regularity that the limits of d(a, x) and its first order
derivatives with respect to x exist as a→∞, uniformly in x (see [13, Thm.1.4]). We refer to [17,
Sect.3], [19, Sect.3] for details and other concrete examples. Therein one also finds simple settings
in which the spectral radii r(Qλ) can be computed easily which allows one to apply Theorem 3.5
and Theorem 3.7.
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Boston Inc., Boston, MA, 1995.

[2] F.E. Browder, On the spectral theory of elliptic differential operators. I, Math. Ann. 142 (1960/1961), 22–130.

[3] D. Daners and P. Koch Medina, Abstract evolution equations, periodic problems and applications, Pitman
Research Notes in Mathematics Series, vol. 279, Longman Scientific & Technical, Harlow, 1992.

[4] G. Greiner, A typical Perron-Frobenius theorem with applications to an age-dependent population equation,

Infinite-dimensional systems (Retzhof, 1983), Lecture Notes in Math., vol. 1076, Springer, Berlin, 1984, pp. 86–
100.

[5] B.Z. Guo and W. L. Chan, On the semigroup for age dependent population dynamics with spatial diffusion, J.

Math. Anal. Appl. 184 (1994), no. 1, 190–199.
[6] S. Gutman, Compact perturbations of m-accretive operators in general Banach spaces, SIAM J. Math. Anal.

13 (1982), no. 5, 789–800.

[7] W.Huyer, Semigroup formulation and approximation of a linear age-dependent population problem with spatial
diffusion, Semigroup Forum 49 (1994), no. 1, 99–114.

[8] T. Kato, Perturbation theory for linear operators, Classics in Mathematics, Springer 1995.
[9] T. Kato, Integration of the equation of evolution in Banach spaces, J. Math. Soc. japan 5 (1953), 2008-234.

[10] A. Pazy. Semigroups of linear operators and applications to partial differential equations, Applied Mathematical

Sciences 44, Springer 1983.
[11] A. Rhandi, Positivity and stability for a population equation with diffusion on L1, Positivity 2 (1998), no. 2,

101–113.
[12] A. Rhandi and Roland Schnaubelt, Asymptotic behaviour of a non-autonomous population equation with dif-

fusion in L1, Discrete Contin. Dynam. Systems 5 (1999), no. 3, 663–683.

[13] J. Saal. Maximal regularity for the Stokes system on noncylindrical space-time domains. J. Math. Soc. Japan

58 (2006), 617-641.
[14] H.R. Thieme, Positive perturbation of operator semigroups: growth bounds, essential compactness, and asyn-

chronous exponential growth, Discrete Contin. Dynam. Systems 4 (1998), no. 4, 735–764.
[15] Ch. Walker,Global well-posedness of a haptotaxis model with spatial and age structure, Differential Integral

Equations 20 (2007), no. 9, 1053–1074.

[16] Ch. Walker, Global existence for an age and spatially structured haptotaxis model with nonlinear age-boundary
conditions, European J. Appl. Math. 19 (2008), no. 2, 113–147.



14 CHRISTOPH WALKER

[17] Ch. Walker, Positive equilibrium solutions for age and spatially structured population models. SIAM J. Math.

Anal. 41 (2009), 1366-1387.

[18] Ch. Walker, Age-dependent equations with non-linear diffusion, Discrete Contin. Dyn. Syst. 26 (2010), no. 2,
691–712.

[19] Ch. Walker, Bifurcation of positive equilibria in nonlinear structured population models with varying mortality
rates, Ann. Mat. Pura Appl. 190 (2011), 1–19.

[20] G. F. Webb, Theory of nonlinear age-dependent population dynamics, Monographs and Textbooks in Pure and

Applied Mathematics, vol. 89, Marcel Dekker Inc., New York, 1985.
[21] G. F. Webb, An operator-theoretic formulation of asynchronous exponential growth, Trans. Amer. Math. Soc.

303 (1987), no. 2, 751–763.

[22] G. F. Webb, Population models structured by age, size, and spatial position, Structured population models in
biology and epidemiology, Lecture Notes in Math., vol. 1936, Springer, Berlin, 2008, pp. 1–49.

[23] K. Yosida, Functional analysis, Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of

Mathematical Sciences], vol. 123, Springer-Verlag, Berlin, 1980.

E-mail address: walker@ifam.uni-hannover.de

Leibniz Universität Hannover, Institut für Angewandte Mathematik, Welfengarten 1, D–30167 Han-

nover, Germany


