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Abstract

Coalescence and breakage equations describe the evolution of a system consisting of a
very large number of particles that can either merge to build larger particles or split
into smaller ones. Denoting by Y the set of all possible particle sizes, the continuous
coalescence-breakage equations without diffusion take the form

Gtu(t,y)Zf(t,y,U), t>07 y€Y7 (1)
u0,y) =u’(y), yey,

where u(t,y) represents the particle size distribution function. However, if one takes
into consideration also diffusion, a diffusion term is added in the above equations and,
in addition, the right hand sides may depend on spatial coordinates. This leads to the
uncountable set of partial differential equations

atu(t7x7y> —d(t,x,y)Amu(t,x,y) - f(t,ac,y,u) ) t>0 , T € Q ) Yy e Y7
du(t,z,y) =0, t>0, z€0Q, yey, (2)
w(0,z,y) = u(z,y), x€Q, yeY,

where 2 C R” is a given domain.

In literature, the equations in (1) and (2) are usually formulated for Y = (0, c0) meaning
that particles may become arbitrarily large. The present thesis is devoted to the case
when a maximal particle size is presupposed requiring a re-formulation of coalescence of
large particles. This particularly for liquid-liquid dispersions realistic assumption being
introduced in [28] will be developed further in the following. Besides coalescence and
breakage also high energy collisions of particles will be considered.

This thesis consists mainly of two independent parts, one of them being dedicated to the
(autonomous) ordinary differential equations of (1), the other to the partial differential
equations of (2). In both cases existence and uniqueness of positive, mass-preserving
solutions is proven. In addition, sufficient conditions for global existence are derived. In
the easier situation of the ordinary differential equation (1), also long-time behaviour is
studied.

Acknowledgements: [ would like to thank Olivier Steiger who shared an office with
me and always had valuable ideas concerning any mathematical problems. For correcting
and improving my English (although any errors remain my responsibility) I express my
gratitude to Jill Prewett. Further, I am truly grateful to Prof. Amann for all he taught
me and for his support during the years.
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Zusammenfassung

Koagulations- und Fragmentationsprozesse beschreiben die Evolution eines Systems be-
stehend aus einer grossen Anzahl von Teilchen, die sich einerseits zu grosseren Teilchen
zusammenschliessen oder aber in kleinere zerfallen konnen. Bezeichnen wir mit Y die
Menge aller moglichen Teilchengrossen, so sind die stetigen Koagulations- und Fragmen-
tationsgleichungen unter Vernachliassigung von Diffusion von der Form

Gtu(t,y)Zf(t,y,U), t>07 y€Y7 (1)
u0,y) =u’(y), yey,

wobei u(t,y) die Verteilungsfunktion der Teilchengrisse reprisentiert. Beriicksichtigt
man hingegen auch Diffusion, dann werden obige Gleichungen durch einen Diffusions-
term ergénzt, und die rechten Seiten kénnen zusétzlich ortsabhéngig sein. Dies fiihrt
sodann auf iiberabzéhlbar viele partielle Differentialgleichungen der Gestalt

owu(t,x,y) —d(t,z,y)Au(t,z,y) = f(t,x,y,u), t>0, z€Q, yey,
ou(t,x,y) =0, t>0, z€0Q, yeYy, (2)
u(0,z,y) =u’(z,y), r€Q, yeY,

wobei 2 C R” ein vorgegebenes Gebiet ist.

Betrachtet man die Literatur, so sind die Gleichungen in (1) und (2) meist fiir Y = (0, 00)
formuliert, so dass Teilchen beliebig gross werden konnen. Die vorliegende Arbeit hin-
gegen widmet sich dem Fall, wo eine maximale Teilchengrosse als bekannt vorausgesetzt
wird, was eine Neuformulierung der Koagulation grosser Teilchen bedingt. Diese ins-
besondere fiir Fliissig-Fliissig-Dispersionen realistische und in [28] erstmals verwendete
Annahme soll im Folgenden weiterentwickelt werden. Neben Koagulation und Fragmen-
tation werden auch hochenergetische Kollisionen von Teilchen betrachtet.

Diese Arbeit besteht im wesentlichen aus zwei voneinander unabhéngigen Teilen, wobei
der erste davon den (autonomen) gewohnlichen Differentialgleichungen von (1) gewidmet
ist und der zweite jenen partiellen von (2). In beiden Féllen wird die Existenz und
Eindeutigkeit von positiven, massenerhaltenden Losungen bewiesen. Zusétzlich werden
hinreichende Bedingungen fiir globale Existenz angegeben. In der einfacheren Situation
der gewohnlichen Differentialgleichungen (1) wird auch das Langzeitverhalten studiert.
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Introduction

Since the pioneering work of von Smoluchowski [63], [64] dating back to the beginning of
the 20th century, the literature on coagulation and fragmentation processes has consid-
erably grown. Originally intended to describe the kinetics of colloids moving according
to Brownian motion, that model has since been widely extended. Much effort has been
invested in the further development not only of the underlying physical models, but also
in their mathematical investigations. In all those models, a system of a very large number
of particles is considered which are assumed to be completely identified by their size like
mass or volume. This size might be a positive real number in the continuous case or a
positive integer in the discrete case. The particles then undergo the influences of coag-
ulation and/or fragmentation, meaning that they can merge to build larger particles or
split into smaller ones. Of course, the reasons causing coagulation or fragmentation (or
coalescence and breakage in terminology of liquids) depend on the scope of application
of these models which arise in a multitude of situations such as astronomy, biology, oil
industry, polymer and aerosol science.

In this thesis, attention is focused on an extension of a new model being introduced for
the first time by Fasano and Rosso [28] (see also [27], [29]). It describes the evolution
of a liquid-liquid dispersion, which is a system formed by two immiscible liquids and
where one of these liquids consists of droplets that are finely distributed in the other one.
What makes this model particularly interesting is that the experimental observation (for
instance, see [51]) of a maximal droplet mass (or volume) is taken into account. This
maximal droplet size depends on several parameters, but particularly on temperature. In
literature, this fact has either been disregarded so far or was introduced only as an artificial
cut off (see [66]) neglecting a fundamental inconsistency of the model. Indeed, imposing
an upper top size for droplet masses requires a new interaction mechanism, which we
will call volume scattering (or simply scattering) in the sequel, in order to prevent the
occurrence of droplets resulting from coalescence that are "too large”. The underlying
idea is rather simple: if two droplets with cumulative mass exceeding the maximal droplet
mass collide, the formed cluster is highly unstable and immediately decays in droplets all
with mass within the admissible range. As we shall see, this assumption complicates the
statement of the problem.

Another new feature taken into consideration in our model is the possibility of high en-
ergy collisions leading to a shattering of the involved droplets. Although contemplated in
physical literature (cf. [21], [22], or [70]), it has hardly been investigated mathematically
so far (however, see [40]).

To be more precise, let u = u(t,y) be the distribution function of droplet size at time ¢
(per unit mass), y being the mass (or volume) of a droplet. By yo € (0,00) we denote
the maximal droplet mass so that Y := (0,yo| represents in the continuous case the
admissible range of droplet masses. Neglecting dependence on spatial coordinates for a
moment (which seems to be reasonable in a batch reactor with sufficiently high shear rate,
for instance), the evolution of the system of droplets that undergo both coalescence and
breakage can be described by the uncountable set of integro-differential equations

i(y) = p(u)L(u)(y) , t>0, yeY, (+)
u(0,y) = u°(y) , yey,
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0

where u" is a given initial distribution. Here the function

L(u) := Ly(u) + Le(u) + Lg(u)

n (x) is defined by
— vo ! / ! _ v y_/ / /

Ly(u)(y) : /y (W', y)uy') dy U(y)/o yv(y,y) dy",
Le(u)(y) :== % /0 K@, y—y)PW, vy —y)uy)uly —vy) dy

-+;éoé K" v —y")QW" .y —y")By y)u(y uly' — y") dy"dy’

Yyo—yY

—mw[ Ky, y"){P(y,y) + Qy,vy) }uly') dy"

2yo Yo
Lo(u)(y) / KW 98ty ) 'y

—u(y Kyy (') dy",

Yyo—

fory e Y = (0,yo).

The operator Ly(u) gives the gain and loss of droplets of mass y due to multiple sponta-
neous breakage, where the kernel v(y, y') represents the rate at which a droplet of mass y
decays into a droplet of mass y’ € (0,y).

When two droplets y and y’ with cumulative mass y+vy’ < yo collide, three different events
may arise being described by the collision operator L.(u). They either coalesce with prob-
ability P(y,y’), or a shattering of these droplets occurs with probability Q(y,y’), or just
nothing happens meaning that the droplets remain unchanged. Note that coalescence
(and maybe also shattering) seems to be a rare incident since even head-on collisions do
not necessarily result in coagulation (see [56]). The symmetric function K (y,y’) denotes
the rate of binary collision and S.(y + v/, y”) is the distribution function of products from
a particle y+ 1’ shattering after collision. Here 3. depends merely on the cumulative mass
y + v’ although it would make only a slight difference in the further analysis to allow (3.
to depend on each colliding droplet y and 3’. The factors 1/2 come in to compensate for
double counting. In accordance with most models considered in literature we take into
account only binary collision.

The "scattering” operator Lg(u) represents the interaction of two droplets whose cumu-
lative mass exceeds yp and splits immediately into several droplets all with mass in
Y = (0,y0). The distribution function Gs(y + v',y") for y + " € (yo,2ye] has an ana-
logue meaning as [.(y + v/, y") for y +y' € Y above.

Finally, the efficiency factor ¢(u) linked to some average properties of the dispersion is
also a new feature. The idea is to enhance or depress the dynamics while the mechan-
ical structure of the interactions is described by the kernels v, 3., s, K, P, and (). For
instance, ¢(u) may be of the form

e = [t dy . [" ) )
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where ® : R? — R* is a given function. This means that ¢(u) is related to the total
number of droplets and the total surface area. Clearly, no mathematically substantial dif-
ferences arise if one considers for each process an individual efficiency factor. But to keep
the notation simple, we omit this. Instead, a further development would be to introduce
a dependence on this quantities of the dispersion in the kernels themselves (as it should
be) rather than as an additional factor.

Formally, the continuous coagulation-fragmentation equations without diffusion usually
considered in literature can be recovered from () by putting yo := 0o, =1, and P = 1
(implying that @ = 0). In particular, the bilinear operator L,(u) and the second term of
L.(u) cancel what simplifies the mathematical investigation on the one hand. However,
allowing droplets to become arbitrarily large imposes other notable difficulties such as
summability. We refer to [24] for a survey of the progress in the study of coagulation-
fragmentation processes during the first three quarters of the last century and for further
literature, but also to [38], [43]-[46], [48], [49], and [57]-[59] even though this list is far
from being complete.

As mentioned above, the model (x) is adapted from those of [28] but includes some
extensions. In [28] the authors consider the case of pure spontaneous binary breakage
only !, that is, @ = 0 in (%) and each droplet decays — if it does — just into two
fragments. But if binary breakage is considered, then it is reasonable to assume that

Yy, y) =,y —y) , 0<y <y<uwo, (0.1)
Bs(y,v)=Bs(w,y—v), vw<y<2, y—vw<y <y, (0.2)

and
Bs(y,y) =0, 0<y <y—uyo. (0.3)

Indeed, if a droplet of mass y decays into a droplet of mass y’, then also a droplet of mass
y—1v' is formed. On the other hand, each one of the fragments 3" and y — 3’ has to belong
to (0, yo]. Therefore, (0.3) is due to consistency of our model. (0.1) implies

yy, / / 1 4 / !
/—v(y,y)dyz—/ Yy, y)dy , yeyY,
o Y 2 Jo

if both integrals exist. Similarly, presupposed that scattering is a mass-preserving mech-
anism meaning that

Yo
/ YBs(y,y) dy' =y, yo<y< 2y,
0

the equality

vo y, / / 1 v / /

L= [ =B(y.y) dy =5 Bs(y,y) dy' . yo <y <2yo,
O 2 Jy—yo

holds according to (0.2) and (0.3). Consequently, under the assumption of pure sponta-

neous binary breakage which amounts to suppose that (0.1)-(0.3) and ¢ = 0 are valid,

!This model has been developed further in [29] to include also multiple breakage.
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the equations in (x) take the form

u(y) = @(U){ /yov(y’,y)U(y’) dy' — %U(y) /Oyv(y,y’) dy'
/ Ky — o )uly)uly —y') dy
—U(y/o K(y,y)uly') dy'

Yoty Yo
/ K "y —y")Bs(y s y)uly ) uly — ") dy'dy’

/0 K(y,y')u )dy’}

for y € Y. Exactly these equations are considered in [28]. By using the Arzela-Ascoli
theorem, the authors prove existence and uniqueness of a global non-negative solution
which is, in addition, Lipschitz continuous with respect to the droplet size. Of course,
such a regularity result requires more regularity from the kernels and from the initial value
than actually needed for sole existence. In particular, one has to impose that the kernels
and the initial value are (piecewise) continuously differentiable. The results are achieved

assuming that the breakage rate
1 [Y ,
y=g | wy)d
0

is a bounded function on [0, yo]. That this is inessential is shown by Borsi [18]. Allow-
ing the breakage rate to have a singularity at y,, he obtains the same results as Fasano
and Rosso. Further, numerical simulations for this model are performed by Mancini and
Rosso [42], who derive some interesting features concerning the qualitative behaviour of
solutions. For instance, the asymptotic distribution appears to be independent of the
shape of the initial distribution as it is expected from a physical point of view.

The situation now changes drastically if one removes the fundamental assumption of spa-
tial homogeneity and takes into consideration also diffusion. Indeed, even the case when
diffusion is described by the Laplace operator, the simplest diffusion operator, becomes
a rather tough problem, as we shall see. This may be one of the reasons why only little
literature on continuous coagulation-fragmentation processes with diffusion is available.
Up to our knowledge, only three articles exist which treat this problem (in the situation
where there is no volume scattering, that is, where yo = 00). We will return to them
subsequently.

If we denote again by u = u(t, x, y) the distribution function of droplet size y at time ¢ and
position x, the continuous coalescence-breakage equations taking into account movement
due to diffusion read as

Ouly) —d(t, z,y)Azu(y) = Lt x,u)(y) inQ, t>0, yeY,
dyu(y) =0 ondY, t>0, yeY, (xx)
w0 y)=uy) @, yev.

Here €2 is a bounded and smooth domain in R, n > 1, and v is its outward normal vector.
The diffusion coefficient d may depend on ¢, z, and y although we sometimes restrict this
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generality for certain results. Moreover, the right hand side of (xx) is given by
L(t,z,u) := Ly(t,z,u) + Lc(t, z,u) + Ls(t, z,u) ,

where the operators Ly, L., and L, are defined as above but with kernels v, 5., G,, K, P,
and @ now depending also on (¢,2) € RT x Q. For simplicity, we neglect the efficiency
factor ¢(u) in this setting.

The first paper treating continuous coagulation and fragmentation processes with diffusion
has been written by Amann [10]. There, the author considers the case when (2 is equal to
R"™ so that there are no boundary conditions, but he allows more general diffusion opera-
tors than in (x*). Interpreting the equations as a Banach-space-valued Cauchy Problem
(see below), existence and uniqueness of solutions is proven with the aid of semigroup
theory. Moreover, positivity is derived and also global existence is obtained in particular
cases.

This idea is taken up by Amann and Weber [14] in order to investigate the behaviour of
particles being suspended in a carrier fluid. Again, well-posedness (at least local in time)
and positivity is shown in the case {2 = R".

A completely different approach choose Laurengot and Mischler [39] when Q C R" is
bounded. Based on weak and strong compactness methods in L, the authors prove global
existence (but not uniqueness) of weak solutions in the case of binary fragmentation,
additionally assuming either the so-called detailed-balance condition or a monotonicity
condition on the coagulation kernel. Furthermore, they study long-time behaviour under
the detailed-balance condition.

This thesis is organized as follows. Part 1 is devoted to the study of the ordinary differen-
tial equations (). Besides including multiple breakage and shattering, our contribution
consists of proving global existence and uniqueness of positive solutions (cf. chapter 2)
under weaker assumptions on the kernels and the initial distribution than made in [28].
Of course, we have to accept less regularity. For these results we use a different method
than in the cited paper, namely we interpret (*) as an ordinary differential equation in
the Banach space L;(Y). Moreover, long-time behaviour of the obtained solutions is
investigated in chapter 3. It is shown (see section 3.1) that sufficient conditions imply
that the orbits are relatively weakly compact in L;(Y). Further, imposing an extended
detailed-balance condition and adapting ideas of [39], we examine the resulting equilibria
for being stable and attractive (cf. section 3.2).

In part 2 the partial differential equations of (xx) in a bounded domain Q2 C R" are
considered. A re-formulation allows the treatment of them as an abstract vector-valued
Cauchy Problem of the form

u+ A(t)u = L(t,u), t>0, u(0) = u°

in the space L,(Q, E), where E is a suitable function space over Y. Since recent results
of Denk, Hieber, and Priiss [23] on maximal regularity of vector-valued elliptic operators
entail that —A(t) := d(t,-,-)A, subject to Neumann boundary conditions, generates an
analytic semigroup on L,(2, E'), most work is invested in the proof of some delicate in-
terpolation results for L,-spaces involving boundary conditions (see chapter 6). We then
derive in chapter 7 existence and uniqueness of positive solutions which, in addition, exist
globally in particular situations.
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General Notations and Conventions

If not stated otherwise, all vector spaces are over the reals. If there are implicit or explicit
references to complex numbers in a given formula, then it is understood that the latter is
interpreted as the corresponding complexification.

By ¢ we denote various constants which may differ from occurrence to occurrence, but
which are always independent of the free variables. Dependence on additional parameters,
say a,b, ..., we sometimes express by writing c¢(a,b, ... ).

If X is a nonempty set and A a subset of X, the symbol x4 stands for the characteristic
function of A (in X)), that is, xa(z) :=1if x € A and xa(x) :=0if x € X \ A.

For J C R we put J := J\ {0}.
All other notations are usually explained where they appear for the first time.



Part 1

Coalescence and Breakage Processes
without Diffusion






1. Preliminaries

In this part we consider the continuous coalescence and breakage processes without dif-
fusion. We therefore assume droplets to be uniformly distributed so that the distribution
function u = wu(t,y) is independent of spatial coordinates. The evolution of the system
of droplets that undergo both coalescence and breakage can then be described by the
integro-differential equations

w(y) = o(u){Ly[u](y) + Lelu, u](y) + L[u,ul(y)} , t>0, ()
u(0,y) = u’(y)

for y € Y := (0, yo], where u°

(%) are defined as
Lyfu](y) == Lylu](y) — Li[ul(y)
= /y 0 YW, y)uly’) dy' — u(y) /0 ‘%v(y, y) dy',
Le[u, v](y) :== Li[u, v](y) + L2[u, v](y) — Liu, v](y)

1 v / / / / / / /
:=§/ Ky.y—y)PW,y—y)uy ) vy —y) dy
0

is a given initial distribution, and where the operators in

1 [vo y
+3 / / K"y —y"QW". v —y")B.(y, y)uly" )y —y") dy"dy’
Y 0

~u(y) / " K (Py) + Qi) yoly) dy
Lofu, o)(y) = L}, v](y) — L2, 0](y)

1 2y0 vo 1 / ! / ! / 1 ! /
=5 K"y —y")B:(v, y)u(y")v(y —y") dy"dy
Y Y —Yo

0
Yo

—u(y) K(y,y")v(y) dy’ .

Yyo—vy

Often, we simply write Ly, [u] instead of Ly[u, u] for h = ¢, s, but keep in mind the definition
of Ly[u,v]. Moreover, we put

Llu] := Ly[u] + Lc[u] + Ls[u] .

In our approach we interpret (x) as an ordinary differential equation in the Banach space
Ly := Ly(Y). In the sequel we put |- |; := |- |z, and assume throughout this part that
the following hypotheses are satisfied:

(Hy) ¢ : L; — RT is bounded and Lipschitz continuous on bounded sets;
(Ha) 7 is a measurable function from A := {(y,3') ; 0 <y <y < yo} into R™ and there
exists m, > 0 with

)
/v(y,y’) dy <m,, aa yeyY;
0

13
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(Hs3) [, is a measurable function defined on A with values in R™ and there exists m, > 2
with

y+y
/ Bely+y,y") dy" <m., aa. (y,y)€eY xY withy+y' €Y,
0

!

y+y
/ v B(y+y.y) dy" =y+y, aa (y,y) €Y xY withy+y €V ;
0

(H,) 0 is a measurable function defined on A := {(y, y); 0<y <yo<y< 2y0} with
values in R*, and there exists m, > 2 with

Yo
/ By +y'y") dy” <my, aa. (y,y) €Y xY with y +y" € (o, 2%0] ,
0
and
Yo
/ V' Bs(y+ v,y Ay =y+y, aa (y,y) €Y xY with y+v € (vo,2v0] ;
0
(Hs) P,Q,K € Loo(Y x Y,R") are symmetric and 0 < P+ Q < 1 a.e..

Observe that the first integrals in Hypotheses (Hs) and (Hy) represent the total number
of droplets produced by shattering and scattering, respectively, so that they are a priori
bounded below by 2. Thus, although multiple breakage is allowed in our model, Hypothe-
ses (Hy) — (H4) imply that only a limited number of daughter droplets are produced by
rupture. The second conditions of (H3) and (H,) mean conservation of mass. Note that
these assumptions are weaker than those of [28] (if we put P = 1, of course).

With regard to the subsequent study of the long-time behaviour, we restrict ourselves to
the autonomous problem, that is, to time-independent kernels.



2. Existence, Uniqueness, and Properties of Solutions

This chapter is devoted to the proof of existence and uniqueness of a maximal non-negative
solution which preserves the total mass. In some cases, e.g. in the case of binary breakage
or in the case of pure spontaneous breakage, this solution exists globally. Furthermore,
some a priori estimates are derived. The results of this chapter are slight modifications
of those published in [69].

2.1. Existence of Global Solutions

Use the Hypotheses (Hy) — (Hs) and Fubini’s theorem to deduce the following lemma
which immediately yields local existence.

Lemma 2.1. The operator Ly[-] : Ly — Ly is linear and Ly[-,-] : L1 x Ly — Ly is bilinear
for h =c,s. Moreover, for u,v € Ly the following estimates hold:
(i) |Lofuls < 2m. u,
(i) |Lelu, o]y < (me -+ 3) K [uls Jo]s .
(ii) |Ls[u, v]ly < (ms +2)[[ Koo |ub [v) -

Theorem 2.2. For each u’ € L, there exists a unique maximal solution
u = u(-;u’) € CH(J(u°), Ly)

for (x), where the mazimal existence interval J(u®) is open in RY.

If t+(u®) := sup J(u®) < oo then

; .00 —
t/'ltl‘P(luO) lu(t;u”)]; = oo . (2.1)

Moreover, the map [(t, u®) — u(t; uo)} generates a semiflow on L.
PROOF. Since L[] is linear and L[+, -] is bilinear for h € {c, s}, Hypothesis (H;) and
Lemma 2.1 imply that the map
Ly — Ly, uw ou){Lyu] + Lefu, u] + Ly[u, u]}

is Lipschitz continuous and bounded on bounded sets. Thus, standard arguments from
the theory of ordinary differential equations (see [7]) lead to the assertion. O

The solution is actually more regular with respect to time.

Corollary 2.3. For any u® € Ly it holds u = u(-;u®) € C?>~(J(u°), L1). Moreover, if
¢ = const then u € C*(J(u), Ly).

PRrROOF. The first assertion is a consequence of the fact that u as well as the right
hand side of () are Lipschitz continuous and hence u € C'~(J(u°), Ly).
Assume now that ¢ = const. Since u € C'(J(u®), Ly) and L[] is linear and continuous,
Ly[u] belongs to C*(J(u®), L) with

d .
(o) = L] . e I
and similarly Ly[u,u] € C*(J(u®), L;) with

%Lh[u(t)w(t)] = Lp[u(t), u(t)] + Lp[u(t),w(t)] , t€Jw’), h=c,s.

15



16 2. EXISTENCE, UNIQUENESS, AND PROPERTIES OF SOLUTIONS

The right hand side of (x) is therefore continuously differentiable and we conclude that
u € C?(J(u®), Ly). The assertion follows now by induction. O

In the sequel, for u’ € L; given, we denote by u = u(-;u’) € C'(J(u’), Ly) the unique
maximal solution for (x), with the understanding that

u(t,y) = u(t;u)(y), teJw’), yeyY.
If no confusion seems likely we sometimes suppress any of the variables ¢ and y in a given

formula. We also put
olt) = p(ult) . teJ().
Furthermore, L is the closed subset of L; consisting of all v € L; which are non-negative

almost everywhere.

Theorem 2.4. For any initial distribution u® € L7, the solution u(t;u") remains non-
negative, i.e., u(t;u’) € LT fort e J(u°).

PROOF. We choose any T, € J(u°) and put

llloo = max [(t)],  lullo = max Ju(®)]: ,

as well as
w = [¢lloo (my + 1K loo It]loc) >0
For0 <t <T <7Tjyand v € Ly set

G(t,v) == @(t){Ly[v] + Li[v,v] + LZ[v,v] + Li[v, v]
— L¥v,u(t)] — L2[v, u(t)]} +wv .
Then G(-,v(-)) € C([0,T], Ly) provided v € C([0,T], Ly) due to Lemma 2.1. Further,
there exists ¢(Tp) > 0 with
|G(t,v) — G(t,w)|y < c(To)(1+ |[v|y + |wh)|v —w]; (2.3)
for v,w € Ly and 0 <t < Ty. Since v € L] implies
Li[v] , Lv,v] , Li[v,v] € Ly, h=c¢s,

(2.2)

it follows that
G(t,v) = =l (Mmy + | K [loolltllsc)v + wv =0 ace. (2.4)

for any v € L. Now put p := ||u]|o+2 and choose T' € (0, Ty] such that c(Tp) (p+p*)T < 1.
Due to (2.3), the definition of

t
F(v)(t) := e "’ +/ e_“’(t_s)G(s,v(s)) ds, 0<t<T,
0
for
veVr:={vel(0,T],L); [v@)i <p, 0<t<T}

yields a contraction F': Vr — Vr with constant ¢(Ty)(1+ 2p)T < ¢(To)(p+p*)T < 1. On
the other hand, u, being a solution of (x), solves

t+wu=G(tv), 0<t<T,
v(0) =u’
as well and belongs to Vr. Thus, u is the unique fixed point of F'. Putting
up :=u’ € Vr | Ups1 = F(u,) €Vyr, neN,
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we have by induction and (2.4) that u,(t) > 0 a.e. foralln € Nand 0 <t < T. Since
U, — u in Vp, this implies u(t) > 0 a.e. for 0 <t < T.
Put T* :=sup {7 € (0,Tp] ; u(t) > 0 a.e. for 0 <t < 7}, assume T < T, and consider

V+wo=G{t+T"v), 0<t<Ty—-T",

0(0) = u(T") . (25)

Then u(T*) € L7 since L is closed in L; and, further, u(-+7*) is a solution of (2.5). By
repeating the above arguments we conclude u(t +7*) > 0 a.e., 0 <t < 7, for a suitable
7 > 0. But this contradicts our choice of T*. Therefore, T* = Ty and, Ty € J (u®) being
arbitrary, the assertion follows. O

Corollary 2.5. Let u° € L.
(i) Ifu® > 0 a.e. then u(t;u’) >0 a.e. forte J(uP). .
(i) If u’ > 7o a.e. for some ry € (0,00), then there exists for each Ty € J(u®) some
R := R(Ty) > 0 such that u(t;u’) > R a.e. for 0 <t <Tj.

PROOF. Fix Ty € J(u°) arbitrarily, choose w := w(Ty) > 0 and T € (0,Ty] as in the
proof of Theorem 2.4 and define G by (2.2). Since u(s) € L for all s € J(u°) and hence
G(s,u(s)) € LT, s, s € J(u°), we conclude

t
u(t) = e 0 —|—/ e_“(t_s)G(s, u(s)) ds>e Ty’ ae, 0<t<T.
0

We may repeat this argument with u(7") > e “Tu® a.e. and G(- + T, ) instead of u® and
G, respectively, to deduce
u(t) > e 2Ty’ ae., T <t<min{2T, Ty} .
Inductively, this proves the assertion. O
Remark 2.6. Theorem 2.2 and Theorem 2.4 guarantee that the map
[(t,u®) = u(t; u”)]

generates a semiflow on L.
Lemma 2.7. For any f € Lo(Y) and v € Ly the following identities hold:

(¢)

Yo v o [y Y
| twmii a= [ [ {160 = L)) af o) dy
0 o Jo
(i)

/0 : f(y)Le

[Wl(y) dy
- %/Oy /Oyo_y{P(y,y’)f(ery’)— [f(y) + F)] [Py, v) + Q(y, ¢)]

y+y’
SQU) [ 18+ 50" '} ol o) d'dy
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(iid)

/yof( y) dy
/ / {7 1080+ dy = 1) = 10 bR ol o) 'y

ProoOF. The statements are consequences of Fubini’s theorem and suitable changes
of variables whereby all of the integrals remain finite due to Hypotheses (Hs) — (Hs). For
(77) and (i77) recall that K, P, and @) are symmetric. O

Remark 2.8. Suppose f = 1. Then, for v € L], Lemma 2.7 reflects the intuitively
evident facts that breakage and scattering increase the total number of droplets. If only
binary breakage is considered then scattering does not alter the number of droplets since
(Hs3) and (0.2) imply
Yo
Bsty+y'y") dy' =2, aa. (y,y) €Y xY with y+y" € (yo, 2] -

/0 " Llol(y) dy = 0.

Whether collision increases or decreases the total number of clusters depends on the
probability of coalescence and on the number of fragments resulting from shattering.
However, if P = 1 or if two colliding droplets break into two fragments only, the total
number of droplets is reduced by this mechanism.

0
Therefore, in this case

Lemma 2.7 implies that any solution of (%) conserves the total mass.

Theorem 2.9. Let v’ € Ly. Then, for any t € J(u°),
Yo Yo
| vt dy= [ ) dy
0 0
PROOF. For ¢t € J(u) we have

u(t):u0+/0 {Lb 0)] + LcJu(o)] + Ls[u }da
Thus [34, p.69 f] gives

t
u(t,y) = u’(y) +/ p(0){ Lo[u(0)](y) + Le[u(o)](y) + Ls[u(o))(y) } do (2.6)

0
for a.a. y € Y. Multiplying both sides with y, integrating then over Y, and changing the
order of integration, Lemma 2.7 leads to the assertion in view of (H3) and (Hy). O

Theorem 2.10. Assume [[¢]loc := sup,e+ ¢(v) < 0o. Furthermore, let one of the fol-
lowing conditions be satisfied:

(i) K(y,y) < K*(y+9') for a.a. (y,y') €Y XY and some K* > 0;
(ii) there exists zg € Y such that for a.a. (y,y) €Y xY withy+ vy < 2

v P(y,y)
By +y'y") dy” <24 ——— .
/0 ( ) Qy,y)

Then the solution u(-;u®) exists globally for u® € L7, that is, J(u°) = RT,

(2.7)
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PROOF. In analogy to the proof of Theorem 2.9 we have

u(t)], = / "t y) dy

t (23)
— 1+ [ olo) [ ALl + Llulo)](0) + Lluto)) )} dydo
for t € J(u®) since u(t) is non-negative. Lemma 2.7 leads to the estimate
[ o) [ niut)) v < llam, [ uto)l do
Using
K(y,y') < Ly (y+vy), aa (y,¢) withy+y >y (2.9)

and conservation of mass we see that

e [ " L)) dydas||souooms”i(')’°° / " () dy [ 1utl do

If (i) holds then Lemma 2.7 ensures that

t Yo Yo t
L. dydo < |0l (me + 2)K* O(y) d do |
/0 o(0) / (@) (y) dydo < |plloo(me +2) / y(y) dy / (o) do
since 0 < P+ @ < 1. On the other hand, if (ii) is satisfied then
[ A= P) + Qo) (/) = D YK (s (o) ') < 0

where we put 4:= {(y,y) €Y xY ; y+y < 2} and

no._ v 'Y du”
v(y,y') = By +y.y") dy" .
0

For B := {(y,y’) EY XY zo<y+y < yo} we have K(y,y') < ||K|loo(y+y')/20 for
a.a. (y,y) € B, and as a consequence

/ot #l0) /Oyo Le[u(o)](y) dydo

< / (o) /B | = P(y.y) + Qo) (v(w, o) — 2) | K (9l uly) dly, o)do

Kl [ !
< l@lloo(me +2)—— [ yu'(y) dy [ [u(o)] do .
20 0 0

From (2.8) we thus conclude in both cases that
t
lu(®)), < |[u’ —|—co/ lu(o)|y do, te Ju’),
0

where cg := ¢o(|u’]1) > 0 does not depend on ¢ € J(u®). Therefore, Gronwall’s inequality
and Theorem 2.2 lead to the assertion. O



20 2. EXISTENCE, UNIQUENESS, AND PROPERTIES OF SOLUTIONS

Remarks 2.11. (a) Note that if only spontaneous breakage is allowed meaning that
Q = 0, then the solution u(-;u®) for u® € LT is global since (2.7) holds. If binary
breakage is considered, in particular, if S.(y,v") = Bc(y,y —¢'), 0 < ¢ < y < yo, then
Hypothesis (H3) implies

y+y’
/ By+vy,y)dy" =2, aa y+y ey, (2.10)
0

and whence (2.7) so that we have global existence in this case as well.
(b) Obviously, Problem () does not always possess a global solution. For instance, if
there exists a constant €5 > 0 such that

/

/y+y ﬁ (y+y/ y//) dy// > 2+ P(y,y’) +50
0

, aa.y+y ey,
Qy,y)

and
Yo
/ Bs(y+v,y") dy" >2+¢ey, aa y+vy € (yo,2y0 ,
0

then for collision kernels satisfying K (y,y') > K, > 0 for a.a. (y,y’) € Y x Y, one has

d
lult; ) > ZRJu(t ) e J(u),

and hence sup J(u") < oo if u® € LT\ {0}.

2.2. A Priori Estimates

This section is devoted to upper and lower a priori estimates for the L;-norm of the solu-
tion which lead to stability or instability of the trivial solution for certain kernels. Bearing
in mind that this norm corresponds to the total number of droplets, it is not surprising
that its evolution is strongly related to coalescence and breakage of small droplets. In-
deed, as we shall see, if small droplets have a rather high coalescence efficiency as well as
being stable concerning spontaneous breakage, an upper a priori bound of this norm is
valid. On the other hand, a high breakage rate of small droplets implies a lower a priori
bound of this norm.

To shorten notation, the moments

Yo
M (t) = / ulty) dy . te T

are introduced for av > 0. Hence My(t) = |u(t)|; represents the total number of droplets
at time ¢ € J(u®) and M, (t) = M,(0) is equal to the total mass.

Note that the trivial solution is not attractive for the semiflow [(¢,u®) — u(t;u®)] gener-
ated on L since conservation of mass yields

M (0
Mo(t) > 1(0) . te ).
Yo

First we assume that there exists some small y. € (0,yo) such that droplets with mass
less than y. are not produced by rupture, i.e.

Yy, y') = Be(y,y') = Bs(4,9) =0, 0<y <. (2.11)




2.2. A PRIORI ESTIMATES 21

Observe that this also implies that small droplets do not break. Indeed, considering for
instance only binary breakage then (2.11) implies

Yy, y') =By, y) =0, y<2y.,

since otherwise at least one of the daughter droplets would have a mass less than y..
Consequently, droplets with mass less than y,. are those already existing at time ¢ = 0 and
can disappear only due to coalescence. This fact implies an upper bound for the total
number of droplets and stability of the trivial solution as shown in the next proposition.

Proposition 2.12. Assume that (2.11) holds. Then u(-;u®) exists globally and
lu(t; u®)1 < (1 + @)W\l . >0,
Ye
Proor. Condition (2.11) yields

A”Lmedyzo

/ch Lul(y) dy = — /yc /yo Ky, y)uly)u(y) dy'dy <0 .

Moreover, since (2.11) also ensures

/0 Le[ul(y) dy < 5 / / K(y,y")u(y)uly) dy'dy

——/ / P(y,y") +Qy,y") | K (y,y" )u(y)uly) dy'dy

and

we conclude from (2.6) that

Ye Ye
[utw < [Cwway. e aw).
0 0
But this entails

Ye Yo
|wm=/uww@+/uww@
0 c
Ye 0 1 ! Yo 0
< [ dy+ o [Cputty dy < (142,
0 Ye Jo Ye

for all t € J(u®), and consequently J(u®) = R" by Theorem 2.2. O

Lemma 2.13. Let a,b > 0 with (a,b) # (0,0), ¢ > 0 and f° > 0 be given.
Put D :=b? +4ac > 0 and R := (b+/D)/2c. Then, the unique solution of

f=a+bf—cf?, t>0, f(0) = f°

s given by

% + £ coth <\/_t + arcoth(zc\];— )) if f°> R,

f(t) = wf if f°=
2+ \/_tanh <\/_t + artanh(chO b)) if0< f°< R,

for allt > 0.
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PRroOF. Note that f is well-defined. Thus the assertion follows by verification. O

Based on the preceding lemma we are able to establish several estimates for the total
number of droplets.

Theorem 2.14. Suppose that 0 < ¢, < p(v) < ¢* < oo for v € L and assume that

(i) 0 < K. < K(y,y) for a.a. (y,y') €Y x Y
(ii) there exist ¥ >0 and o > 0 such that

y /
Yy —
/ (1 — g)W(y,y’) dy <3y°, aa yey; (2.12)
0

(ili) there exist zg € Y and € > 0 such that

/

vt roon " P(y y')—g
) ") d YY) ¢e .
/0 Bely + 9 y") dy” <2+ Q.Y (2.13)

fora.a. (y,y) €Y xY withy+ 1y < 2.
Then there exist ¢ > 0, depending on ¢ and the kernels only, and p := (o) > 0 such that

lu(t;w®)i < e(ju’ls + |W°)) . >0,
where >0 if o > 0.

PROOF. First observe that J(u°) = R by Theorem 2.10 and (2.13). Next we integrate
(%) with respect to y. From Lemma 2.7 and (2.12) we deduce

Yo
[ by dy <3 e0.
0
If 0 > 0 then we choose a € (O,min{l,a}), otherwise we put a := 0. Then Holder’s
inequality yields for §:= (0 —a)/(1 —a) and t > 0
M, () < Mi(0)*Mp(t)' ™" < y§~“My(0)* Mo(t)"

By defining the sets A and B and the function v as in the proof of Theorem 2.10 we
obtain with the aid of Lemma 2.7, (2.13), and conservation of mass

/0 " Lful(y) dy

< %/ { = Ply,y) +Qy,v) (w(y, ) — 2) } K (y, v )u(y)uly) d(y,y')
A (2.14)

#5 [ 1= Py + Q) (0nt)) = 2) K )u(wu(v) dlo )

1Ko, ,
20

<——/Kyy Yu(y) d(y,y') + (me + 2)——=M;(0) Mo(t)

for t > 0. Moreover, since (i) holds, it follows for C' := Y2\ A that
——/Kyy Ju(y) d(y,y')
=5 | Kt )uts) dos) + 5 [ K/t ut) do.)
Y2

K|
g—%KJ%@f+5H||AﬁmM%@)

20
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for ¢ > 0. This and (2.14) yield
Yo
| Ldul(w) dy < —aMo(0 + 0D (O)M(0) 120,
0
with a; > 0 being independent of ¢ > 0 and u® € L]. Similarly, the estimate

Yo K o
[ niw) dy < e - 12
0 Yo
can be achieved. Putting these facts together and recalling that ¢ is bounded from below
and above, we conclude that M obeys

Mo(t) < by My (0)“Mo(£)= — by Mo (t)? + by My (0)Mo(t) , ¢>0, (2.15)

Ml(O)MO(t) , 120,

where the constants b; > 0 depend neither on ¢ > 0 nor on u° € Lf. Next observe that
the function h(z) := az'™® —b2? | 2 >0, with a,b > 0 and 0 < a < 1, satisfies

h(z) < c(a,b)al%a , 2>0,
for some c(a, b) > 0. Therefore, we can estimate the right hand side of (2.15) to obtain
. o b
Mo(t) < byM;(0)TFs — §2M0(t)2 + by M (0)Mo(t), t>0, (2.16)

with by > 0. Since coth |g+ is decreasing and tanh is bounded by 1, Lemma 2.13 applied
to (2.16) implies either My(t) < My(0), t > 0, provided My(0) is sufficiently large, or,
otherwise,

Mo(t) < e1M;(0) + 02\/M1(O)2 + My (0) 75 < ey (My(0) + My (0)T5a) , £>0,

with constants ¢; > 0 depending only on the b;’s. Since M;(0) < yoMy(0) the assertion
follows by setting p(o) :== a/(1+ «). O

Remarks 2.15. (a) If 0 = 0 then assumption (ii) of Theorem 2.14 is redundant in view
of Hypothesis (Hs). However, Theorem 2.14 gives a uniform bound for the total number
of droplets while, in the case where o > 0, it even leads to stability of the trivial solution
for the semiflow generated on Li. Likewise, if no spontaneous breakage occurs, i.e. v = 0,
then one can choose o > 0 arbitrarily, of course. In this case, if, in addition, only binary
breakage is considered, it is easily seen that

My(t) = (1) / " L) dy

- _%W(t) /OyO /Oy“’ Py, y") K (y, v )uly)uly) dy'dy <0

for t > 0, that is, the total number of droplets decreases with time, and it remains con-
stant if also P = 0.

(b) In liquid-liquid dispersions, conditions like (2.12) seem to be quite natural if droplets
are assumed to be spherical. For further explanation and special kernels satisfying the
hypotheses of Theorem 2.14 we refer to Examples 2.21.

(c) Condition (2.13) is fulfilled if either P =1 or P(y,y’) > ¢ > 0 for a.a. y+3' < z and
only binary breakage occurs (see (2.10)).

A consequence of the two preceding theorems is the following corollary.
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Corollary 2.16. Let the assumptions of Theorem 2.12 or of Theorem 2.14 be satisfied.
Then u(-;u®) € BCY(RT, Ly).

PROOF. Since in both cases |u(t)|; < c(u®), t > 0, for some c¢(u”) > 0, and therefore
sup;>( ©(t) < oo according to Hypothesis (H;), we obtain from (*) and Lemma 2.1

lu(t)] < cstgg)go(t) (c(u®) +c(u’)?) <o, t>0.

O

Remark 2.17. Any bounded solution u for (x) in C*(R*, L;) for some k > 1 belongs
automatically to BC*(R", L;) provided ¢ is bounded if k=1 and ¢ = const if k > 1.
This can be shown inductively. For instance, compare this with Corollary 2.3.

In contrast to the preceding considerations, we now assume the breakage action to be
rather effective for small droplets, in the sense that sufficiently many droplets are produced
by rupture. In fact, we suppose that the spontaneous breakage frequency is bounded
below, which means that also small droplets decay spontaneously at a minimal rate.
Consequently, the following two theorems do not apply to the case of pure collisional
breakage, i.e. v =0.

Theorem 2.18. Suppose that 0 < . < p(v) < p* < oo forv € LT and that

Yy /
/ <1 - %)V(y,y’) dy' 27 >0, aayel. (217)
0

Then there exists co > 0, depending only on ¢ and the kernels, such that

liminf u(tu) 2 co . o’ € L7\ {0

PROOF. Due to Theorem 2.2 we may assume ¢+ (u’) = co. Integrating (x) with respect
to y and applying Lemma 2.7 we obtain the differential inequality

. Me + 2
My(t) > @y Mo(t) —

where we additionally used the positivity of u and

Yo
/ Liju,ul(y)dy >0, t>0.
0

| K|l Mo(t)*, t>0,

Since coth |g+ is bounded from below by 1 and tanh(z) 1 for z oo, the assertion is
a consequence of Lemma 2.13 with

_ 204Yx
@*[| Ko (me + 2)

Co

O

For certain collision kernels, the assumptions on the breakage frequency can be weakened
as follows:

Theorem 2.19. Suppose that 0 < ¢, < p(v) < * < oo for v € L. Also assume that
there are 7., K* > 0 such that

Y !
y
/ <1 — g)v(y,y’) dy' > vy, aayeyY, (2.18)
0
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and
K(y,y) <K' (y+y), aa (y,y) €Y xY.
Then there exists co > 0, depending only on ¢ and the kernels, such that

litn/linf lu(t;u’)1 > ¢o, u® e L \{0}.

PROOF. Theorem 2.10 gives J(u”) = R" and thus, due to Lemma 2.7,
Mo(t) = 7. M(0) = " K (me + 2) My (0)Mo(t) , >0,
from which
My (t) > (My(0) — co)e # K metDMOF o ¢ >0,

follows with
PV«

copi=——
’ SO*K*(mc+2)

O

Corollary 2.20. If the hypotheses of Theorem 2.18 or of Theorem 2.19 hold, then the
trivial solution is not stable for the semiflow on L .

Examples 2.21. To illustrate our preceding statements, we consider now some special
kernels. We take spontaneous breakage kernels of the form
Yy, y) = a)bly.y), 0<y <y<wo,

where a(y) is the rate at which a droplet of mass y breaks and b(y,y’) represents the
distribution of fragments formed from a splitting droplet of mass y. Conservation of mass
leads to the normalization

y
/ yoly,y)dy' =y, yeY. (2.19)
0
Moreover, the quantity
y
v(y) = / by, y)dy', yeY,
0

gives the expected number of droplets when y breaks. Thus v(y) > 2 if a(y) > 0. The
case where a(y) has no zeros corresponds to complete breakage. If binary breakage is
considered, i.e.

b(y,y)=by,y—vy), 0<y <y<uo, (2.20)
then (2.19) implies v(y) =2, y € Y.

(I) Consider the case of limited breakage (cf. [65]) which simply means that there exists a
stable droplet size ys € (0,%0) !, depending mainly on impeller diameter and speed, such
that droplets which are smaller than y, have a zero breakage rate, that is,

aly) =0, 0<y<y,.
'In some settings (see [65]) the stable droplet size can be characterized by
ys = cD3(We)™ 18

where c is a constant, We = w?D3p/0 represents the Weber number and o and g are the surface tension
and the density of the dispersed phase, respectively, w is the impeller speed and D denotes the impeller
diameter.
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Then
v Yy N oy lalloo 1Vlo0
(1 - §>v(y,y) dy' =aly)(v(y) —1) < """y, yevY,
0

Ys
for y € Y provided that a and v are bounded. Thus (2.12) holds.

(IT) Suppose complete breakage in a strong form such that
aly) > ay*, yevy,
for k =0 or k =1 and some a > 0. Since in this case v(y) > 2 and

Yy y/
/(1—§>7(y,y’)dfy’2@yk, yey,
0

the estimates (2.17) or (2.18) are valid.

(IIT) A power-law breakup (see e.g. [47], [65], or [67]) is of the form

a(y) :=hy™, bly,y) = (C+2)y TG, 0<y <y<w,

with —1 < ¢ <0and h > 0. In view of (2.20), binary breakage corresponds to ¢ = 0. The
underlying idea is that if droplets are assumed to be spherical, the mass y of a droplet
is proportional to d* where d denotes its diameter. Accordingly, if the mechanism of
breakage is independent of the droplet involved or depends either on the diameter itself,
or on the surface area, or on the volume of the droplet, « is given by 0,1/3,2/3, or 1,
and, analogously, for (. Moreover, we have

_(+2
V(y>_ﬁ7

Y /
y N h
1—= ) dy = ——y© cyY.
/0< y)v(yy) V=1eY y

If we also suppose that the shattering kernel (3. satisfies a power-law breakup, i.e.
Bely, ) == (€ +2)y~ "W, 0<y' <y<uw,
for some 0 > ¢ > —1, then
5 +2
: y' €Y,
/ Be(y,y') “er1 VY

and Theorem 2.10 implies that the solution exists globally provided there exists some
constant zy € Y for which

Ply.y) o =€
Qly.y) — 1+&°
This means that coalescence dominates shattering for small droplets, and this is always

fulfilled if either £ = 0 (binary shattering) or @ = 0 (no shattering). Moreover, if there is
some € > 0 with
Ply.y)—e =€

Qly.y) —1+¢’
then (2.13) of Theorem 2.14 is satisfied. Assuming (2.21) to be true and taking coalescence
kernels of the form

K(y,y)=A+Bly+y) +Clyy), yyeY, (2.23)

yey,

and

O<y+y <z. (2.21)

O<y+y <z, (2.22)



2.2. A PRIORI ESTIMATES 27

with A, B,C' > 0 and 0,7 > 0, we can distinguish the following cases:
(1) If & = 0, which means that the breakage rate does not depend on the droplet size,

then Theorem 2.18 implies that the trivial solution v = 0 is unstable. Furthermore,
if additionally A > 0 and (2.22) holds, then, for any initial distribution u° € L,
the total number of droplets remains bounded thanks to Theorem 2.14.

(77) If @ € (0,1],A = 0, and 0,7 > 1, then the trivial solution is also unstable since
Theorem 2.19 holds.

(i73) If a > 0, A > 0, and (2.22) is valid, then we have stability of v = 0 and, given any
initial distribution u® € LT, the total number of droplets has an upper bound due
to Theorem 2.14.

(IV) Consider the case of parabolic breakup (cf. [67]) meaning that
a(y) = hy", by y) = (w+2)(w+3)y )y -y

with h > 0,7 > 0, and 1 > w > —1. Here, w = 1 amounts to binary breakage. The
expected number of fragments formed by rupture in this case is

oy) = w+3
y - w+ 1 )
Defining K by (2.23) and putting P = 1, we can distinguish the same cases as done in

(III) since
Y !
y N 2h
1——) W) dy =y, yeY.
/0< yv(yy)y 1Y y

yey.



28

2. EXISTENCE, UNIQUENESS, AND PROPERTIES OF SOLUTIONS



3. Long-Time Behaviour

After having provided sufficient conditions for global solutions of Problem (%), we study
in this chapter long-time behaviour of these solutions. In section 3.1 it will be shown
that they converge weakly to some w-limit set. This will be done under rather restrictive
assumptions on the collision frequency, but without use of binary breakage, in contrast to
the subsequent section 3.2. The latter is devoted to examine asymptotic stability of equi-
libria for kernels satisfying the detailed balance condition in the case of binary breakage.

3.1. Relatively Weakly Compact Orbits
It is the purpose here to prove that under suitable assumptions the orbits of the semiflow
[(t,u®) = u(t; u”)]

are relatively compact in the weak topology of L, which has similar implications for the
motion through v® € L] and its weak w-limit set w(u®) as in the case of metric spaces.
For instance, w(u®) is then nonempty and invariant.

We denote by L, the usual space L; endowed with its weak topology and by LIW its
positive cone. We assume that ¢ and the kernels v, 3., 3s, K, P, and @) satisfy Hypotheses
(Hy) — (Hs) and that the following additional hypotheses are valid:

(Hg) There exist ¢., p* > 0 with 0 < ¢, < ¢(v) < ¢* < oo for v € L];
(H7) for each € > 0 there exists 0 := d(e) > 0 such that for any measurable subset A of
Y with measure |A| <4 it holds

Y
/ XA (y,y) dy' <e, aa yeY,
0

and such that

/

Yty
Qy, y’)/ xa)Bely+y,y") dy" <e , aa (y,y)withy+y €Y, (31)
0

and
Yo
/ xaW)Bs(y+y,y") dy’ < e, aa. (y,y) with y+ 3" € (yo,2y0] ;
0

(Hg) there exist K,, K* > 0 with
0<K,<K(y,y) <K"<oo, aa (y,y)eY xY;
(Hyg) there exists €9 > 0 with
0 <Py,y)+Q(y,y) <1, aa (y,y) €Y xY;
(Hyo) q = @i Kigg — %@*K* > 0.

A possible choice of the kernels are given in Examples 2.21. For instance, define

Yy, y') =h(C+2)y* ), 0<y <y<yo,
29
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for some h > 0,0 > ¢ > —1, and a« > 1 + (. Moreover, assume that small droplets
have shattering probability zero, that is, there exists some 2z € Y with Q(y,y’) = 0 for
0<y+y <z Put

Be(y,y) = (E+2)y Y, 0<y <y<uyo,
as well as
By, y') = (v + 2y " y(y) . 0<y <wo<y <2y,

for some 0 > ¢, v > —1. Then Hypothesis (H) is easily verified.

Obviously, Hypothesis (Hyg) is the most restrictive one. It implies that the collision
frequency K has a rather small range, i.e., it is almost constant. Nevertheless, kernels of
the form

K(y,y') =A+Byy) +Cly+y)", 0,720,

satisfy Hypothesis (Hio) provided A is large. Furthermore, (Ho) also implies g9 > 3 so
that occurrence of two grazing droplets has a probability of less than 1 —¢gq € [0, %) in
view of Hypothesis (Hy). Also observe that (3.1) yields that Q(y,y’) tends to zero if y and
y' do so. Indeed, since, for physical reasons, the expected number of daughter droplets
resulting from shattering is not less than 2, that is,

/

y+y
/ By +y'y") dy” 22, aa. (y,y) withy+y' €Y,
0
(3.1) implies that for each € > 0 there exists some 0 > 0 with

2Q(y,y") <e, aa. (y,¢) withy+1vy € (0,0] .

Observe that Hypotheses (H7) and (Hy) entail

Py, y') — €0/2
Qy,y)
for some §(%) > 0. Therefore, the previous chapter and in particular Theorem 2.14

provide that for any u° € L] the solution u = u(-;u") belongs to C*(R*, L), and there
exists some constant c(Ju’|;) > 0 with

/

Yty
/ By +y',y") dy" <2+
0

,aa. (y,y) with 0 <y +y' < (5<€2—O> ,

() < ), 0. (32)
We then define the positive orbit of the motion through u° € L] by
v () == {u(t;u’) ; t >0},

and as before we put ¢(t) := ¢ (u(t)), t > 0.
In order to prove relative weak compactness of the orbits in L, we adapt an idea used in
[58] for constant kernels.

Theorem 3.1. For each u’ € LT the positive orbit v+ (u°) is relatively compact in L.

PROOF. We may assume that u° # 0. For fixed § > 0 define Z5 € C(R") by

Zs(t) = Sup/U(t,y) dy, t>0,
B
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where the supremum is taken over all measurable subsets B of Y having measure |B| < 4.
Moreover, put

Yy
p(0) := sup ess-sup / x5y (Y. y) dy
|B|<6  y€Y 0

/

Yty
+ sup ess-sup Q(y,y’) / xB(Y") By + v, y") dy”
|B|<é y+y'eYy 0

Yo
+ sup  ess-sup / xs(y")Bs(y+ v, y") dy” .
|B|<6 y+y'€(yo,2y0] JO

Choose any measurable subset A of Y with measure |A| < ¢ and define

Na(t) 2=/U(t,y) dy, t>0,
A
as well as
N(t) ::/u(t,y) dy, t>0.
Y

Since u = u(-;u’) € C'(RT, L{) we obtain from Lemma 2.7, Hypotheses (Hg) — (Hyo),
and (3.2) that

%NA / / xa(y ") dy' u(t,y) dy
+§<ﬂ(t) / : / " yx—y+A(y’)P(y,y’)K (y, v )u(t, y)u(t,y') dy'dy

_%¢ / / y) +xa(y)] [Py, ¥) + Qy, ¥)]

K(y, o )u(t,y)u(t,y’) dy'dy

Yo Yyo—yY y+y
t)/o /0 Q(y,y)/o xay")Be(y +y'y") dy

K(y,y )u(t,y)u(t,y’) dy'dy

Yo Yo Yo
t) / / / xa(y")Bs(y+ v, y") dy”
0 yo—y J 0

K(y,y")u(t,y)u(t,y") dy'dy

/ / Dea®) + xal)] K, o ult )ult, ) dy'dy

< c(u”)u(0) + SO*K*N( )Z5(t) — puco KN () Na(t)

2
where we additionally used that Lebesgue’s measure is invariant with respect to transla-

tions. Defining
d(t) 1= eproK o Nsds >

it follows

DIN 0] < c(®)u(@)d() +

dt Y K*N(t)d(t)Zs(t) , t>0. (3.3)

Now put
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and
ws(t) = Z5(0) /d ds, t>0.

Integrating (3.3) from 0 to ¢ and taking then the suprema over all measurable subsets A
of Y with measure |A| < 4, we deduce

) < us(t)+ 3o K [ Noals) ds 120,
so that by the Gronwall-Bellman inequality (see [50, Thm.1.3.2]) for ¢ > 0
1 ' ey
vs(t) < we(t) + §¢*K*/ ws(s)N (s)ez? KL N@)do g
0
1 =

« rt s=t
— w;(t) — wg(s)e2? K" Js N(@)do

t
+/ wa(s)eé‘p*K*ﬁN(")d" ds
0

s=0
t
= Z5(O)e%go*[{* Jo N(o) do + C(UO)M((S)/ d(s)e%@*K* ! N(o) do s
0
Multiplying both sides of the above inequality by d(t)~! and taking into account

1 Yo
NOES. / yi(y) dy = o(u®) , >0,
0

we conclude due to Hypothesis (Hjp) that for ¢ > 0
t
Z5(t) < Z6(O>€—Qfo N(o)do +C(UO)M((S)/ 6—qf5 N(o)do g
0

< Z5(0) + c(u”) (go(u®)) ~ p(d) -
Obviously, the right hand side tends to zero as ¢ tends to zero. Hence, for given € > 0 we
can choose 0 > 0 small enough to obtain

-1

/ ult,y) dy < Zyt) <z, 120 (3.4)
A

for each measurable subset A of Y with |A| < §. From (3.2), (3.4), and the Dunford-Pettis
theorem (see [25, Thm.4.21.2]) the assertion follows. O

Define for u® € L] the weak w-limit set by

0

wu’) = {v € L, ; there exists a sequence t, — oo with u(t,;u’) — v in Ll,w} )

Theorem 3.2. Let v’ € L. Then the weak w-limit set w(u®) C L is nonempty,
relatively weakly compact in Ly, and if v € w(u®), then

/Oyo yo(y) dy = /Oyo yu'(y) dy . (3.5)

Moreover, it holds u(t; u’) — w(u®) in Ly ast — oo.

PROOF. Let t,, — oo be arbitrary. Since vt (u°) is relatively weakly compact in L; by
Theorem 3.1, there exists a subsequence (¢,/) and v € L; such that

u(tp;u’) — v in Ly . (3.6)

Thus w(u®) is nonempty. Next, let U be an open neighbourhood of w(u) in L;, and
assume that there exists a sequence ¢, — oo such that u(t,;u®) belongs to the compact
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set U Nelg, v+ (u®). Hence, there exists a subsequence (t,/) and v € Ly such that (3.6)
holds. But then v € w(u®) C U contradicting the fact that the weak limit of the sequence
(u(tn/;uo)) C U° has to belong to U¢. This implies that the assumption is false and
therefore u(t; u’) — w(u®) in Ly as t — oc.

Since the map y +— y belongs to Lo (Y), (3.5) is true. LT being weakly closed, w(u®) is
indeed contained in L.

Finally, the Dunford-Pettis theorem and Theorem 3.1 entail that w(u°) is relatively weakly
compact if one observes that u(t,;u’) — v in L;, implies

/ u(tn; u®)( dy—>/

for any measurable subset A of Y. O

In order to prove that the weak w-limit set is invariant, we need to know that the solution
u(-;u) depends on u® with respect to the weak topology of L;. This is the purpose of
the next proposition.

Proposition 3.3. In addition to the Hypotheses (Hy) — (Hig) assume that ¢ : Ly, — RT
is sequentially continuous and let u® — u® in Lf’w. Then, for each T' > 0, it holds

u(ud) — u(5u’) in C([0,7T), Liy) -

rn

PROOF. Put u,(t) := u(t;ud) for t > 0. First we show that the set {u,; n € N} is
relatively sequentially compact in the locally convex space C([0,T7], Ly ). Since (u%)neN
is bounded in L, (3.2) guarantees that there exists some Ry > 0 such that

|Un(t>|1 SRO y t>0 y neN. (37)

For any given ¢ > 0 define
Z3(t) == SUP/ un(t,y) dy, t=0,
B

where the supremum is taken over all measurable subsets B of Y having measure |B| < 4.
Analogously to the proof of Theorem 3.1 it follows then with the aid of Hypotheses
(Hy) — (Hy0) and (3.7) that for fixed T' > 0

Z3(t) < (T, Ro) (u(6) + Z3(0)) , 0<t<T,

where ¢(T, Ry) > 0 is independent of n € N and where p(6) is defined as in the proof of
Theorem 3.1 (observe that for this estimate the lower bound K, in Hypothesis (Hs) is
not needed). The Dunford-Pettis theorem implies that Z§(0) — 0 uniformly with respect
ton € Nas § — 0. Therefore, for any given £ > 0 there exists 6 > 0 such that for each
measurable subset A of Y with measure |A| < § we have

/un(t,y)dySZg‘(t)gs, 0<t<T, neN.
A

This and (3.7) entail then that the set {u,(t); n € N} is for each t € [0, 7] relatively
weakly compact in L, again due to the Dunford-Pettis theorem. Moreover, since

un(t) = 0 + /0 o (n(0)) Liun(0)] do, £ >0, (3.9)
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we deduce from (3.7) and Lemma 2.1 that there exists ¢(Ry) > 0 with
t
0n(8) = n(s) < @] [ |Llua())s do| < e(Ro)lt o 3.9)

for 0 < s,t <T and n € N, i.e., the set {un\[oﬂ ;n e N} is equicontinuous with respect
to the L;-topology and thus also with respect to the L, -topology. By a version of the
Arzela-Ascoli theorem (see [68, Thm.1.3.2]) we can extract a subsequence (n’) of (n) such
that

Uy =u(;ud) — v in C([0,7T], L1y) (3.10)
for some v € C([0,T], L1). Then (3.9) and (3.10) imply v € C*~([0,T], L{). In the
appendix to this chapter (see Corollary A.5) it is shown that L[] is weakly sequentially
continuous so that by (3.10)

Lluy(0)] = Llv(o)] in Liyw, 0<o<T. (3.11)
Now let 0 < ¢ < T and f € L(Y) be arbitrary. Then

| /0 " i) /0 (120(0)) Ll (0] oy — /0 " rw) /0 (00 Liv(@)] dady]
< /t Yo
/ ‘90 U (0)) — @(v(a))\/yo ‘f(y)L[U(O')](y)‘ dydo .

Using (3.11), (3.10), (3.7), Lemma 2.1, and the assumption that ¢ is weakly sequentially
continuous, we may apply Lebesgue’s theorem to deduce that the right-hand side of the
above inequality tends to zero as n’ — oo. Since f € L (Y') being arbitrary, it follows

/Otw(un/(a)) [y, d0—>/ (0)]do in Ly, 0<t<T.

Because weak limits are unique, we obtain from (3.8) that v € C([0,T], L]) is a mild
solution of Problem (x) with initial value u’. Hence v = u(-; u°)|jo,r] since mild solutions
are unique and therefore

Y){ Lluw (0)](y) — Llv(0)](y) } dy)da

Uy — u(u’) in C([0,T], Lyy) -
Because this limit is independent of the subsequence (n’), the assertion follows. O

Theorem 3.4. In addition to the Hypotheses (Hy) — (Hyo) assume that ¢ : Ly — RT is
sequentially continuous. Then, for each u® € L7, the weak w-limit set w(u®) is invariant,
that is, u(t;w(u’)) = w(u®) fort > 0.

PRrOOF. Let t,, — oo and
u(ty;u’) — v in Ly . (3.12)
Fix ¢t > 0 arbitrarily. Since v € L], the semiflow property and Proposition 3.3 entail that
u(t +to;u’) = u(t;ulty; u’)) = u(t;v) in Ly,

and hence u(t;v) € w(u®). On the other hand, by Theorem 3.1 we can extract a subse-
quence (n') and find w € LT such that u(t, —t;u’) — w in Ly,,. Thus, w € w(u’) and,
by Proposition 3.3, u(t,; u®) — u(t; w) in Ly . We then deduce v = u(t; w) € u(t; w(u’))
from (3.12). O
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Remark 3.5. For instance, if ¢(u) is of the form

p(u) = q)(/oyo u(y) dy ,/Oyo y*Pu(y) dy)

where ® : R? — R is a given Lipschitz continuous function which is bounded below and
above by some positive constants (see the explanation in the introduction on page 6f),
then ¢ fulfills Hypotheses (H;) and (Hg) and is weakly sequentially continuous.

3.2. Trend to Equilibrium

It is the aim of this section to investigate a particular case of the binary coalescence-
breakage equations, namely when the kernels satisfy the detailed balance condition (see
Hypothesis (Hy4) below), which amounts to assume that the processes under considera-
tion are somehow reversible. This condition not only ensures existence of equilibria but
also provides a Lyapunov function. Inspired by the pioneering works of [1] for K = v = 2
in the continuous case and [16] for the (discrete) Becker-Déring equations, this Lyapunov
function has been widely used both for the discrete (for instance, see [19], [20]) and for
the continuous (see [39], [58]) coagulation-fragmentation equations to prove convergence
of the solutions towards equilibria in appropriate topologies (for results concerning exis-
tence of and convergence towards equilibria not assuming the detailed balance condition,
we refer to [60]).

We extend this detailed balance condition to include shattering and scattering and use
similar arguments as in [39] to prove that the solution tends towards the unique equilib-
rium with mass equal to that of the initial distribution. This convergence is true with
respect to the weak topology of L; but can be improved to convergence in the strong
Ly-topology, assuming slightly stricter conditions on the breakage kernel. Further, we
derive stability of these equilibria in a stronger topology than the L;-topology.

Again, we assume Hypotheses (H;) — (Hs) to be satisfied and suppose that the following
additional hypotheses hold:

(Hy1) There exists ¢* > 0 with 0 < ¢(v) < ¢* forv € L], and ¢ : Ly, — R is sequentially
continuous;
(Hy2) the kernels v, (., and [ satisty

Y y) =W,y =), Bew,¥)=0(y,y—v), 0<y <y<uwo,
and
Bs(y,v) =B,y —v), 0<y—wm <y <wo,
as well as
Bs(y,y) =0, 0<y' <y—wo; (3.13)
(Hy3) P-K >0 a.e.;
(Hy4) there exists H € LT with hg := ess-inf H > 0 and
(i) for 0 <y +y' < yo it holds
Yy +y v Hy+y)=Ply,y)Ky,y)Hy) HY) ,
(ii) for 0 < y+y', y+y” < yo it holds
Be(y, ¥ )QW" sy — v ) K(y",y —y")H(y")H(y — y")
= Be(y, " )Ry — v K,y —y )V H(Y)H(y —¢) ,
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(iii) for 0 <y —yo < ¥, y” < yo it holds
Bs(y, v )K", y—y"VH (Y ) H(y —y")
= By, y VKW', y—y ) HY ) H(y—y') .

We refer to Examples 3.17 for kernels satisfying the hypotheses above. Hypothesis (H;) is
introduced in order to exclude possible roots of ¢ as equilibria. Hypothesis (H;2) means
binary breakage as being explained in the introduction. Note that, due to (3.13), the
scattering operator is given by

Li[v](y) = Ly[v](y) — Li[v](y)

1 voty vo "o " ! " / " "l
=3 K"y —y")B: (v y)o(y" oy —y") dy’dy
Yo ¥’ =0

Yo

—v(y) ) K(y,y")v(y) dy’ .

Moreover, (Hi2) and conservation of mass (see (Hs) and (H,)) imply that for a.a. (y,y’)
withy+y' €Y

y+y’ 4 y+y’
2/ By +y,y") dy" = / Pely +y,y") dy” =2, (3.14)
0 y+y 0
and that for a.a. (y,y’) with y + " € (vo, 290]
0 y" Yo
’ / By +y,y") dy" = / Bs(y+y/y") dy" =2 (3.15)
y+y' —yo Y +y y+y' —yo

Likewise, for a.a. y € Y

yy/ / / 1 4 / /
/ —(y,y') dy =§/ Yy, y') dy' .
0o Y 0

so that the breakage operator L; takes the form

Llol(s) = L)) ~ LEl)i= [ 2t ets) d' = 500 [ (o) '

Therefore, according to Theorem 2.10, solutions corresponding to non-negative initial dis-
tributions exist globally.

It is easy to check that, due to Hypothesis (Hy4), the function
ua(y) == H(y)e™ , yeYy,
is for each a € R an equilibrium of Problem (x), that is,
Liug| = Lyua) + Le[ta) + Ls[ua] =0 .

Also, it is rather more circumstantial than difficult to show formally that the map V/,
defined by

V(v) = /Oyo {v(y)[log Z((yy)) —1] + H(y)} dy, velf, (3.16)

is a Lyapunov function for Problem (%) meaning that V' is non-increasing along orbits. To
prove it rigorously, much more work is needed. We start with some preliminaries which
will be important later for that purpose.
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Lemma 3.6. The map V : LT. — Rt is sequentially lower semi-continuous.
p l,W q y

PROOF. Since the map z — zlogz is convex, it follows that also V is convex. For
b > 0 define

log ¢ — 1
k(a,b) = {Z( 085 )+bv aiov
, a=20.

Then k(a,b) > k(b,b) =0 for @ > 0 and thus V(w) > 0 for w € L. Next let w, — w in
LT. We may extract a subsequence (n’) such that

lim V' (wy) = lim inf V (w,)

and such that w,, — w almost everywhere. But then by Fatou’s lemma

n

Yo
V(w) < lim/inf/ k(wn (y), H(y)) dy = liminf V (w,) .
0 n

Therefore, V : L} — R* is sequentially lower semi-continuous. Since V is convex, the
assertion is a consequence of [26, Prop.2.3] and the fact that convex sets are closed iff
they are weakly closed. O

Lemma 3.7. Let ) be a measurable and non-trivial subset of R™,m > 1, and define the
map J : R? — RT by

(a—b)(loga —logb) , a,b>0,
J(a,b):=<¢0, a=b=0, (3.17)

0 , else .

Moreover, put
J(v,w) = /Qj(v(z),w(z)) dz , (v,w)€ Li(Q,R?) .

Then J : Ly (2, R?) — R is sequentially lower semi-continuous.

PROOF. It is easy to check that [J is convex and sequentially lower semi-continuous.
Hence J : Li(Q,R*) — R' is convex and sequentially lower semi-continuous due to
Fatou’s lemma. The assertion follows now from [26, Prop.2.3]. O

For the sake of completeness, we prove the following lemmas, even though the statements
and their proofs are just slight modifications of those in [39].

Lemma 3.8. Let w € L{ be such that V(w) < oo. Then, for each o > €* and any
measurable subset A of Y, it holds

[ty dy<2a [ ) ay+

PROOF. Fix o > €2 and choose any measurable subset A of Y. From the inequality

g o V(w) .

2
r\logr|§rlogr+g , r>0, (3.18)

it follows
w w
XAw‘logﬁ} §wlogﬁ—w—l—H+XAw a.e. . (3.19)
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By splitting A into AN [w > aH| and AN [w < aH], we deduce

1 w(y)
[ty dy < e [ wtwos g5 dy o [ 1) dy
loéa/Aw(y) dy+a/AH(y) dy ,

where the last inequality is due to (3.19). O

<
~ loga

V(w) +

Lemma 3.9. Suppose that w € L] satisfies for a.a. (y,y') with 0 <y +y' <1y
Yy +y wly+y) = Plyy ) Ky, y)wy)w(y) . (3.20)
Then either w =0 a.e. or there ezists o € R such that w(y) = H(y)e® for a.a. y €Y.

PROOF. Set v(y) := w(y)/H(y) for y € (0, yo] and note that v € LT and

v(y+y) =v(yvly), aa (y,y) with0<y+y <o, (3.21)

due to (Hi3) and (Hi4). Moreover, for

and for fixed z € (0, yy) we have

v(y)f(2) =fly+2)—fly), aa yec(0,y0—2.

Since f is continuous on [0, yo|, we may assume f(z) > 0, otherwise one easily checks that
necessarily f =0 and thus v = 0 a.e.. Put

fly+2)— f(y)
f(z) ’

Then h = v a.e. on (0,y0 — 2] and, since h € C([0,yo — 2], R"), we see that h satisfies
(3.21) for all (y,y') € [0,y0 — 2]* with 0 < y + ¢’ < yo — 2. This and the continuity of h
imply h(y) = e*, y € [0,y0 — 2], for some o« € R. Now z can be chosen arbitrarily small
so that the assertion readily follows, since o does not depend on z. O

h(y) =

yE[OJyO_Z] .

The next proposition shows in fact that the coalescence-breakage equation admits a unique
global solution in L. (Y') if all data are bounded. To this end, let us introduce some further
notations.

Recall the definition of A in Hypothesis (H3) and put

= {(y,v) € (o, 2y0] X (0,50] 5 y—yo <¥y <o} .

Assume that the probabilities P and @ both satisfy Hypothesis (Hs). For a symmetric
function K € LT (Y x Y,R") and for measurable maps 7, 3. : A — R* and 3, : ¥ — R*
define Ly := Ly(%) as well as L. := L.(8., K) and L, := Ls(fs, K) by
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Ly[w](y) == /yoi(y’,y)w(y’) dy’—%w(y) /Oy?(y,y’) dy'

Le[w](y) / Ky =y )Py =y )o@ )wly —y') dy'
/ / K"y —y"QW"y — "By, y)w(y"wly —y") dy"dy
—u) [ R Pt d
- —w / / (Y +yy") dy" Ky, y)Qy, v w(y) dy'
La[wl(y) = 5 /y jo+y - By K"y —y" wly"wly' —y") dy'dy

1 v v a3 oo "o ! ! /
—§w(y)/ / Bs(y+y'.y") dy” K(y,y)w(y') dy’ ,

Yo—y Jy+y'—yo
for y € Y and w € L. Furthermore, define L := L(%, 8., 3, K) by
Llw] := Ly[w] + Le[w] + Lyw] , we Ly . (3.22)
The additional terms in the above definitions of the fourth integral of L. and the second
integral of Ly guarantee that V' is decreasing along orbits of the problem
W= (w)Lw], t>0, w(0) = w’ | (3.23)
even in the case when . and 3, do not satisfy (3.14) and (3.15), respectively.

In the sequel we denote by |- |, the norm of Ly, := L (Y).

Proposition 3.10. Let ’?,BC,BS, and K as above be bounded on their domains. Then,
for each w° € LY, Problem (3.23) admits a unique solution w := w(-;w®) belonging to
CYR"™, LL). Moreover, if w® > ry a.e. for some ry € (0,00) then, for any T > 0, there
exists rp > 0 such that

w(t)>rr>0 ae, 0<t<T. (3.24)
PRroOOF. First note that the assumptions imposed imply that
|L[w)]| o < (14 |wh)|w|e , w€E L . (3.25)

In particular, the right-hand side of (3.23) is Lipschitz continuous from L., into itself.
From this, local existence follows. Positivity and (3.24) is obtained along the lines of the
proofs of Theorem 2.4 and Corollary 2.5.

Observe then that

/0 " Lol (y) dy < clols | / " Elol(y) dy <0, / " Elol(y) dy = 0

for v € L{. Thus, Gronwall’s inequality yields |w(t)]; < ce, t € J(w), for some
¢ :=c(w®) > 0, where J(w’) denotes the maximal interval of existence of the solution w.
Global existence follows then from (3.25). O
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For the following proposition — which in fact guarantees that the ’entropy’ V' is non-
increasing along orbits — we have to introduce some further notations. Define the sets

E={(y,y)eY?; 0<y+y <y},
We={(y,y/,y)eY’; 0<y’" <y+y <w}.
S={y.v)eY?; yo—y' <y+y -y <w},

as well as forn >1
={w.y) €& 1y+y.y) <n},
={(w.y)€&; Bely+y,y) <n},
Co:={(y.y) €Y*\E; By +y,y) <nj.
Moreover, truncate the kernels according to

+ /7 ) ) ! E ATL ﬂ Bn )
oy + 4 y) = T+, (WY)
0 else ,

/ ﬂc + /’ , , / E An ﬂ Bn :
Ben(y +4',y) = W+v.y) . (v.Y)
0 else ,

Bonly +.y) = {ﬂs(yﬂ/ ), (y,y) € Cy

0 else ,

Ko(y,y) == {K(yay') . (y,y) € (A, NB)UC, ,

0 else .

Then K, is symmetric and 7, Ben, Osn satisfy Hypothesis (Hy2). Furthermore,

’Yn /‘ /7 I /GC,TL / /86 Y /68771 / /68 Y KTL /‘ K Y (326)

pointwise on the domains of v, ., B, and K. Finally, the truncated kernels satisfy the
detailed balance condition (Hy4) with the same function H and the same probabilities P
and Q.

Recall that V is given by (3.16) and define J by (3.17). For v € L] put

D(v) = %/g~7<P(y7y’)K(y7y’)v(y)v(y’) , (Y +y’,y)v(y+y’)> d(y,y') ,

F(v) = é /W J(ﬂc(y +y QW y+y =y KWy +y —y ol Wy +y =),
Bely +y',y")Qy, ¥ K (y,y’)v(y)v(y’)> d(y,y',y")

/S J(ﬁs(y +y K y+y =y ey +y -y

By + 'y K y)ow)e ) dy.y'.y") -

| —

Finally, D, (v), F,,(v), and G,(v) are defined analogously but with (v, Ben, Bsn, Ky) in-
stead of (7, B, Bs, K).
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Proposition 3.11. Suppose that u® € L] with V(u®) < oo and denote by u = u(-;u’) the
unique solution of () in C*(R*, LT). Then, for anyt > s >0,

0 < V(u(t)) <V(u(s)) <oo. (3.27)

Moreover, it holds
[0 ¢(u(0))D(u(0))] € Li(R") . (3.28)
PRrROOF. For each n > 1 define
up(y) == min {n, max {u’(y), H(y)/n}}, yeY,
so that by Hypothesis (H4)
0<@§u2§n a.e.

n
for any n > 1, since we may assume hg < 1. Then we claim that

V() <e(w’), n>1, (3.29)

for some constant ¢(u’) > 0 being independent of n > 1. For, by definition of u? we have

Yo 0 H 1 0
/ u%log%dy:/ —log—dy—l—/ uolog%dy
0 [u0<%<n] n n [%§u0<n
n n
+/ nlog—dy+/ nlog — dy
[gens) B H YT )P H

n

g/ uologu—ody+/ nlogﬁdy
[ﬁ <u0<n] H [% <n<ul, %>1} H

[ I

where we put
H
S, = [—§u0<n} , T = [nguo}ﬂ[%>1] .

The last inequality is due to the fact that x — 2 log x is increasing on the interval (1, 00).

0

Since (3.18) and V(u°) < oo imply u’log € L, and since u) — u° in Ly, Lebesgue’s
theorem applies to give

limsup V(1) < V(u?) (3.30)

n

from which (3.29) follows.
Next, consider for each n > 1 the problem

w=p(w)L,w], t>0,  w(0)=ud, (3.31)
where the operator L,, is defined by
Ly = Ly + Len + Lo = Ly(1) + Le(Bems Kn) + Lo(Bom, Ky)

as in (3.22). In virtue of Proposition 3.10, Problem (3.31) possesses a unique solution
Up = Uy (;ul) € CHRT, LL) such that for any T' > 0 there exist constants rJ (7)) with

0<ri(T) <up(t) <ri(T)< oo ae, 0<t<T. (3.32)
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Our next step is to prove that V (u,(-)) decreases in time. Fix 7' > 0. Due to (3.32) we
may differentiate under the integral sign to obtain

d o u,(ty)
—V (uy, = o(un(t / log 222 Lo [un (6)](y) dy 3.33
gV (al1)) = 2(n(0)) [ 108 L (1)) ) (3.3)
forn > 1and 0 <t < T. We now have to compute the right hand-side of the above

equality. It is an easy exercise to show that for n > 1 and 0 < ¢ < T it holds

[0 A Ll + L (010} dy = D) . (330

where Lgi) consists of those integral terms of L., involving P but not ). Note that
Fubini’s theorem applies throughout in the sequel because of (3.32). We then compute

[ o M a0 )

= % / {1 1;;((3::)) — log 1;’;((3)) }ﬁs,n(@/+y’,y”)Kn(y,y’)un(y)un(y’) d(y, ', y")
_1 op W unly +y" —y") | un(y)un(y')
N 4/{1 “HyHy+y —y") 1 H(y)H(y’)}

Bsn(y + ¥,y ) Kn(y, ¥ )un(y)un(y’) dy, v, y")

(3.35)

where we have taken into account B, (y,y’) = Ben(y,y — y) and the symmetry of K,.

v, y) =
Next use the transformation S — S, (v,v,y") — (v", vy + v — v",y) to deduce that the
right hand side of (3.35) is equal to

L [ oe Wy +y' —y") ) un(y)un(y’)
JRES T By

Bom(y + ', ¥ ) Ky, v )un(y)un(y') dy, 9, y")
1/{logun(y)un(y’) o wn (Y )un(y +y —y")

HyHy) °HyVHy+y -y
B+ 9 K"y + 4 — ¥ un(y" ) un(y + 3 —y") dly, v, y") .

Finally, due to the detailed balance condition we may rewrite this last term to get

T3

[ 08 ) L fun0](6) dy = =G (1a(0) (3.36)
Likewise one derives
[ o M L 0)) dy = i (1a(0) (3.37)

where Lg 2) are those integral terms of L., involving () but not P. Putting this calculations
together we deduce from (3.29) and (3. 33) (3.37)

V(un(t)) + /0 (n(0)) { Do (tn(0)) + Fo (1a(0)) + G (1n(0)) } dor = V(u2) < ()
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foralln > 1 and 0 < ¢t < T. Note then that for 0 < ¢ < T each of the terms
D, (un(0)), Fy(un(0)), and G, (u,(c)) is non-negative. Thus we conclude

V(ug(t)) <e(’), n>1, t>0, (3.39)

since T > 0 was arbitrary and c(u®) does not depend on 7. But this bound and Lem-
ma 3.8 together with the Dunford-Pettis theorem [25, Thm.4.21.2] imply that the set
{un(t) in > 1} is relatively weakly compact in L; for each t > 0. In particular,

lun ()1 <c(w®), n>1, t>0. (3.40)

In the next step we prove that the set {un; n > 1} is equicontinuous. Due to (3.26) and
Hypotheses (Hs) — (H,) it follows as in Lemma 2.1 that there exists a constant ¢y being
independent of n > 1 such that

ILy[v]li <co(L+ [oh) v, veL, n>1. (3.41)
From the integral version of (3.31) and from (3.40) we infer then
[Un(t) — un(s))y < c(u®)t —s|, t,s>0, n>1. (3.42)

In particular, the set {un; n > 1} is equicontinuous with respect to the L, ,-topology.
Now fix again 7" > 0 arbitrarily. Then the Arzela-Ascoli theorem (see [68, Thm.1.3.2])
entails that there exist u € C([0,T], L, ) and a subsequence (n;) such that

uj = u,, —u in C([0,T], L) . (3.43)
From (3.43) and the appendix (see Lemmas A.2 - A.4) it follows
Ljluj(0)] — Llu(o)] in Ly, 0<o<T. (3.44)

Here, the operator L = L, + L. + Ly is defined as in (x). Inequality (3.42) and (3.43)
give u € C'([0,T], Ly). Since ¢ is weakly sequentially continuous, Lebesgue’s theorem,
(3.40), (3.41), and (3.44) yield as in the proof of Proposition 3.3 that

/Ogo(u]( ))L [w;(o da—>/ (0)]do in Ly, 0<t<T.

Since u® — u® in Ly, it thus follows from (3.43) that

() = u0+/0 o(a(0)) Lia(o)) do, 0<t<T.

Therefore, u € C([0, 7], L) is a mild solution of (x). But this problem possesses a unique
(mild) solution. Hence @ = u(:; uo)}[o 7 S0 that

uj — u(u’) in C([0,T], Ly) - (3.45)
Since V' is weakly lower semi-continuous, we conclude from (3.30) and (3.38)
V(u®)) <lminf V(u;(t)) <V(@®), 0<t<T.
J
The semiflow property implies then (3.27).
It remains to prove (3.28). It follows from (3.45) that

Yiy+y (o, y+y) = vy +y,y)ulo,y+y) in Liw(E),
Py, y)K;(y, y)u;(0,y)u(0,y") — Py, y)K(y,y)u(o,y)u(o,y’) in Liw(E),
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for 0 < o < T. We postpone the proof of this claim to the appendix (see Lemmas A.2
and A.3). From Lemma 3.7 we then obtain

0 < D(u(t)) < liminf D;(u;(t)), 0<t<T.
J

Since ¢ is weakly sequentially continuous, by Fatou’s lemma and (3.38) we have

t t
0< / ¢(u(o))D(u(o)) do < lim'inf/ ¢(u;(0))D;(uj(0)) do < c(u’) |
0 J 0
for 0 <t < T, whereby c(u") does not depend on T > 0. O

Recall that the equilibria u,, @ € R, are given by u,(y) := H(y)e®, y € Y. Clearly, for
any given p > 0, there exists exactly one o := (o) € R such that M(u,) = o, where the
mass M (v) of v € L] is defined as

Yo
M(v) := / yoly) dy -
0
We can state now the main result concerning convergence towards equilibrium.

Theorem 3.12. Let Hypotheses (Hy) — (Hs) and (Hy) — (Hy4) be satisfied. Suppose
that u® € L \ {0} with V(u°) < oco. For g := M(u®) choose a := (o) € R such that
M(u,) = 0. Then, given any sequence t,, / oo and any T > 0, the solution u = u(-;u")
of Problem (x) satisfies

u(- +tp;u’) = ug in C([0,7], L1y) - (3.46)

In particular, u(t,;u’) — u, in L .
In addition, if there exists v € L{ such that for a.a. y €Y

() <r(y) ae on (y,y) (3.47)

and if u® > 0 a.e., then

u(-+to;u’) —uo in C([0,T],Ly) . (3.48)
In particular, u(t,;u®) — uq in L.

PROOF. By the semiflow property we have
Un(t) = u(t +to;u°) = u(t;ut,;u’)) , t>0,

so that u,, € C'(R", L]). From Proposition 3.11 we know

V(u(t)) <V(@W®), t>0, n>1. (3.49)

Analogously to the proof of Proposition 3.11 we deduce the existence of a function
u e C'([0,T],Ly) and a subsequence (n’) such that w,, — @ in C([0,T], Ly ). Obvi-
ously, @(t) € L] and M(ﬂ(t)) =pfor 0 <t <T. As in the proof of Proposition 3.11 we
infer

0< /0 o(5(1)) D(a(1)) di < limjnt /0 (s () D (e (1)) it

o (3.50)
< limsup/ ¢(u(t))D(u(t)) dt =0,
n’ t,
since p(u)D(u) € Li(RT). In view of Hypothesis (H1;) we derive D(a(t)) = 0 for a.a.
0 <t < T. But this implies that for a.a. 0 < t < T the function u(t) satisfies the
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assumption of Lemma 3.9. Hence, for a.a. 0 < ¢t < T there exists a(t) € R such that
u(t) = ua@ in Ly. Recalling M (a(t)) = o, 0 <t < T, it follows by definition of a = a(o)
that a(t) = « for all 0 < ¢ < T since u is continuous. Consequently we have w,, — u,
in C([0,7T], L1 ). Since this limit is independent of the subsequence (n'), we deduce
statement (3.46).

Lastly, we have to show (3.48). Using (3.47) and (3.46) we see

Lylun(®)](y) = Lylual(y) . aa.yeY, 0<t<T.
Moreover, (3.49) and Lemma 3.8 lead to
| Ly[un@®]W)] < Jun(Ohr(y) Scor(y) . aa.yeY, 0<t<T,

where ¢g > 0 depends neither on n € N nor on 0 <¢ < T'. Lebesgue’s theorem and (3.46)
imply then

o(un) Ly [un] — (ua)Lylus] in Li((0,T) xY) , (3.51)
since ¢ is weakly sequentially continuous and bounded. Define for v € L,
Yo—y
h(v)(y) 2=/ Py, ) K(y,y)o(y) dy', yeY . (3.52)
0

Analogously as above we have h(u,(t))(y) — h(ua)(y) and [h(u,(t)) ()] < || K]leco for
all 0 <t <T and a.a. y € Y. Hence, again by Lebesgue’s theorem,
e(un)h(un) = o(ua)h(ue) in Li((0,T) xY) . (3.53)

Since u® > 0 a.e., Corollary 2.5 yields u(t;u°) > 0 a.e. for t > 0. Fix A > 1 and observe
that for £, > 0 the inequality

1
In—¢& <A =1)¢+ @(77 —&)(logn —log&)

holds, from which we derive

| (un)unh(un,) — @(un) Ly [u,) }Ll((O,T)XY)

< / o) / : / P K (0 un (9 unly) — 1 + o 9y + o) dyfdydt

2 T
<A - 1)‘80(%)[4% [“nHLl((o,T)xy) T @/0 @(un)D(uy) dt .

As in (3.50) the last integral of the above inequality converges towards zero as n /" oo.
Taking the lim sup,, on both sides and letting then A tend to 1, we obtain from (3.51)

P(un)uph(un) — @(ua)Lyua] = o(ua)uah(us) in Li((0,T) x Y)

as n /" 0o, whereby the equality is implied by the detailed balance condition. Therefore,
we may extract a subsequence (n') of (n) such that ¢(uy )unh(u,) — ©(us)uah(us) a.e.
on (0,7)xY, and, in virtue of (3.53), we may assume that also ¢ (u, )h(u,) — @(uq)h(uy)
a.e. on (0,7) x Y. Due to Hypotheses (H11) and (H;3) we have ¢(uq)h(u,) > 0 a.e. and
thus w,, — u, a.e. on (0,7) x Y. Since (3.40) is valid here too, (3.46) implies u, — uq
in L1 ((0,7) x Y) and a.e. on (0,T) x Y. Hence, according to Vitali’s theorem,

Uy — Uy n Li((0,T)xY) . (3.54)
Together with Lemma 2.1 we conclude
Lluy] — Llug) =0 in L ((0,T) xY) . (3.55)
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Observing
t
Uy () = U () +/ ¢(un (o)) Lluy (o) do, 0<s<t,

we see that for each ¢ € (0,7

t ot
g (t) — ualt < |tp — ol (0,1)xy) + 90*/ / | Ll (0)]1 dods
0 Js
< |uw = talry(0,m)xv) + 19" [L{uw] |1, (0m)xv) -

In (3.54) and (3.55) we proved that the right hand side of the above estimate tends to
zero as n’ /" oo. Therefore, u,, — u, in C’((O, T], Ll). This limit being independent of
the subsequence (n'), assertion (3.48) is now evident. O

Remarks 3.13. (a) Theorem 3.12 implies that there exist no further equilibria in L
with finite ’entropy’ V.
(b) Note that by

z|logz| < c(e)(z't+2'7°), >0,
for fixed € > 0, Hélder’s inequality and Hypothesis (H14) imply that V (w) < oo provided
w € L with p > 1.
(c) Theorem 3.12 can be useful in applications. For instance, one may determine the
kernels by observing the asymptotic distribution. Note that this asymptotic distribution
depends only on the mass of the initial distribution but not on its shape which seems to
be consistent with numerical simulations. We refer to [27], [36], [42], and [66] for details.

The purpose of the end of this part is to prove stability of the equilibria in an appropriate
topology. To shorten notation, the following definitions are made. For ¢ > 0 we put

L, ={welf; Mw)=0}, X" ={uell;V(u <o}, X} =L ,NnX".

If not stated otherwise, the topology of X and X is the one induced from L;. Thus
they are metric spaces. The previous considerations show that X ;F is positively invariant,
that is, u(t;u’) € X for t > 0 provided u® € X}. Observe that L C X for p > 1 due
to Remarks 3.13(b). Finally, for any A € R set

VA (w) = V(w) — Oyo H(y) dy— \M(w), we X" .

Proposition 3.14. For o > 0 choose a(0) € R such that M(ua) = 0. Then, uq) is
the unique minimizer of V- on X and of Ve on X

Moreover, for any minimizing sequence (w;) of V- on XT, it holds w; — uag) in X .

PRrROOF. For r > 0 define
fr(w) == w(logE — 1) , w>0,
r

with f.(0) := 0. Then f, has in w = r a global minimum for each r > 0. For brevity put
a:=afp). Given w € X

/ Funty (w(®)) dy > / Fuut (tal®)) dy = V() .
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where the inequality is strict provided w # u,. Hence, u, is the unique minimizer of V¢
on X*. Furthermore, since M (w) = g for all w € X, it also minimizes V' on X .
Let now (w;) be a minimizing sequence in X[ of V, i.e.

lim V(w;) = ir;(f_+ V(w) =V(ug) - (3.56)

Then M(w;) = o = M(u,) for j € N and thus lim V*(w;) = V*(u,). Observing that
| fuat) (Wi () = fuaey (ua()) ], = V*(w;) = V*(us) — 0

as j — oo, we may extract a subsequence (j') such that f,, () (w;y (")) = fua() (ta(*)) a
This easily implies w; — u, a.e.. Owing to (3.56) there exists ¢ > 0 with V(w;) < ¢ for
each j'. Thus, from Lemma 3.8 and the Dunford-Pettis theorem we deduce that (w /) is
relatively weakly compact in L;. Therefore, there exists a further subsequence (j”) and
w € Ly such that w;» — w in L. Since w;» € LT we have w € Lfg. V' being weakly
lower semi-continuous,

1,07

V(w) < liminf V(w;r) = V(ua) < 00 .
J

By what was proved above, w = u,. Altogether, we obtain w;j» — u, in L;, and a.e.
so that, due to Vitali’s theorem, w;» — wu, in L. This limit being independent of the
subsequences, the assertion follows. O

Theorem 3.15. Let 0 > 0 be given and choose (o) € R such that M(ua)) = 0. Then,
for each € > 0 there exists 6 > 0 such that for any u® € X} with [u® — uap)1 < 8 and
V(u®) < V(ua()) + 6 it holds [u(t; u) — uael1 < € fort > 0.

PROOF. Due to [17, Prop.4.3] we only have to show that V' is decreasing along orbits -
which was done in Proposition 3.11 - and that u,) lies in a 'potential well” with respect to
X, that is, for given small € > 0 there exists o(¢) > 0 such that V(w) — V(uap)) > o(e)
for all w € X with |w — uq(|1 = €. But this easily follows from Proposition 3.14. O

Define

d(w,v) = |w—v|; + |V(w) = V@), wveX".
Then, for any o > 0, (X;r,d) is a metric space with a stronger topology than the L;-
topology.

Corollary 3.16. Let o > 0 be arbitrary and choose a(p) € R such that M(uap)) = o
Then the equilibm’um Un(p) 8 stable in (X[, d), that is, for each & > 0 there exists 6 >0

such that for any u® € X with d(u®, ua(p)) < 0 it holds d(u(t;u°), ua(e)) <€ fort > 0.
PROOF. Since V' decreases along orbits, this follows from the above theorem. O

At this point it may be worthwhile to give some examples of kernels satisfying the imposed
assumptions.

Examples 3.17. (a) If ¢ is defined as in Remark 3.5, then it satisfies Hypotheses (H)

and (Hll) .

(b) Let P € C(Y x Y, (0,00)) be symmetric and let ¢ € C(Y,R") be such that
0<Ply,y)+aly+y) <1, 0<y+y <w.
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Assume that o > 0 and 0 > a — § > —1 and define for arbitrary constants K*,v* > 0

Qu,v) =qly+vy), 0<y+y <uyo,

Ky, y)=KWy+y), 0<y,y <y,
* a—p3
Yy, o) =7 Ply—y, )WY y—-y)]"", 0<y <y<uwo,
-1 _1_94 a—p
Be(y,y) = Bla—B+2,a—B+1) y "y y—y)]"", 0<y <y<uy,

a—3
By, ) = LWy —9)]"" 0<y—w<y <w,
with B denoting the beta function and

fs(y) = y(/yo [y (y -] " dy’) - , Yo <y <2y .
Yy

—Yo
Then Hypotheses (H2) — (Hs) and (Hy2) — (Hy4) are satisfied with

*

T a—
H(y)zﬁy 5? ?/GY

Further, (3.47) holds provided o = 3. In addition, if also P = const then v(y, '), G(y,y'),

and fs(y,y’) are independent of 3’ (compare this result with the 'power-law breakup’ of
Examples 2.21).

(c) Analogously as in [39] we may define

K(y, y,> = ,re—yQ—(y')z ) 0 < Y, y, S Yo
Y(y,y) = se" =" 0<y <y<yo,
Bs(y,y) = fly)e™™W) . 0<y—yo<y <o,

for some r, s > 0, where

Yo , -1

fly) = y( / y"e Wy dy”) Yo <y <2y

y—v0

Then, for P =1 and @ = 0, Hypotheses (Hs) — (H;) and (Hi2) — (Hy4) hold with
H(y) = ;e‘yz , YEY,

and, in addition, (3.47) is satisfied.

(d) The other example from [39] can also be considered. Let «, 7, p, A be arbitrary real
numbers and let Ag, By > 0. Put

K(y,y) = Ao(1 +y)*(1 + )",

Y, y) == BoK(y .y —y )L+ [(L+y)L+y—y)] "Wy

0 1
Bs(y,y) = yV(y,y’)< / y'v(y.y") dy”) ,
y—10

where v(y,2) := (1 + 2)*7(1 +y — 2)* Te MN+W=2)") Then, with P =1, Q =0, and

B
Hiy):=

Hypotheses (Hs) — (Hj) and (Hy2) — (Hyy) inclusive (3.47) are satisfied.

(L+y)Te™ ™, yeY,
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Appendix
We give in this appendix the proofs of some technical weak convergence results used in

the proof of Proposition 3.3 and Proposition 3.11.

Recall that the sets A and A have been defined in Hypotheses (Hs) and (Hy), respectively,
and that £ := {(y,y’) cY 0<y+y < yo}. Assume that the kernels ~, 3., Gs, K, P,
and @ satisfy Hypotheses (Hy) — (H5) and (Hi2) and that

Yo Vs Ben / Be on A (A1)
Bsn /" PBs on A, K,/K on YXxY (A.2)

are valid as n — oo. Furthermore, let
W, —w in Ly, (A.3)

with |’LUn‘1 S Cop.
The first proposition is implicitly contained in [57, Lem.4.1]. Anyhow, for the reader’s
ease, we give here its proof.

Proposition A.1. Let Q@ C R™, m > 1, be a measurable set with measure |2 > 0.
Assume that hy, h € Lo () are such that ||h,||e < ¢1 forn > 1 and h,, — h a.e.. Then,
provided v, — v in Ly (), it holds h,v, — hv in Ly ().

PROOF. Let ¢ > 0 and f € Loo(Q2), f # 0, be arbitrary. According to the Dunford-
Pettis theorem we find § := §(g) > 0 such that for each measurable subset A of 2 with
measure |A| < 0 we have

13
vn(2)| do < , n>1.
L‘(>' CEASIIE

Further, since h,, converges towards h a.e., by Egoroff’s theorem we may choose A C 2
with measure |A| < § such that h,, — h uniformly on ©\ A is valid and hence (see [15,
p.89]) hy, — h in Lo (2\ A). Therefore, we deduce

| [ - h@etw)] d

< } Af(x)vn(x) [hn(a:) — h(x)] dx‘ + } o f(z)v,(x) [hn(aj) — h(x)] dx}

| [ o) o) - o) as]
snﬂu@rummn/

A
+ ‘/Qf(x)h(x) [Un(]}) —v(x)} dx} )
Letting n — oo one gets
0< limnsup | /Q f(@) [hn(x)vp(z) — h(z)v(z)] dx} <e

and hence the assertion.

[on ()] do + HfHooSl;P k|l 2y (@) [ Pn — Pl oo (@4)
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Recall that the operator Ly, := Ly(¥) is defined by

1

LRI = [ 36 0) dy' = o) [ ) v

Lemma A.2. (i) Defining for (y,y') € €
)

Yy

WYY )y +y)

(Y, y') =7
=y +y,y)wly+y),

v(y,

it holds v, — v in Ly (&).
(ii) The convergence Ly(vy,)[wn] — Ly(y)[w] in Ly is valid.

PROOF. (i) Using the transformation (y,y’) — (v',y — y'), Fubini’s theorem, and the
triangle inequality, we see that for f € L (E)

| /5 F(yy) [only,y') = oly. )] dly.y)]

" " (A4)
<1 flle / an(y)w(y)] dy + | / () [t0(y) — wa(y)] dy|

holds, where

an(y) == /Oy (Y, 0) =y, ) dy' ha(y) = /Oyf(y’,y =y )y, y) dy .

Due to Hypothesis (Hs) and (A.1), an application of Lebesgue’s theorem yields that the
first term on the right hand side of (A.4) converges to 0 as n — oo. Next observe that
for a.a. y € Y we have f(-,y — ) € Loo((0,)) with [|f(-,y — )|l w0 < || fls0s due to
Fubini’s theorem. We obtain ||A,|/z.. ) < || f|lscmy and, by Lebesgue’s theorem,

ha(y) — h(y) :== /O fWoy—yy,y)dy , aa yeY,

where h € Lo (Y). Proposition A.1 now yields (i).
(ii) Using Lemma 2.7, this follows similarly to (i). O

Next we consider the collision operator L.. Recall that

Le(Ben 1) [0)(y) := Le(Ko)[0](y) + L2 (Bes Kn) [0)(y) = L3 (Bes K [0] ()
1

Y
=3 / P,y — v K. (v, y —y )o@y )v(y —v') dy

0
1 v y, 12 / 1 i / i / 12 / i 1 /
+3 QW". Y —v"NK (v, v —y")Ben v, )y oy — ") dy'dy
Y 0

Yo—y y+y’
- v(y)/o {P(y, y') + %/0 Gen(y+9y.y") dy” Qy, y’)}Kn(y, Yoy dy',
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and that

Le[v](y) = Le[v](y) + Le[v)(y) — L[v](y)

1 Yy
=3 / Py, y—y) K,y —y) o)y —v) dy
0

1 [y v
w5 [y =Wy 8 el et o) ddy
Y 0

—u(y) / " R POy + Q) Yoy dy

Lemma A.3. (i) Defining for (y,y’) € £
un(y,4") == Py, 4 ) Ky, ¥ )wn(y)wn(y')
v(y:y) = Ply,y) K(y,y)w(y)wly) ,
it holds v, — v in L1 w(£).
(ii) The convergence Le(Ben, Kn)[wy]) — Le[w] in Ly is valid.

Proor. Without restricting generality we may assume that P =1 and ) = 1.
(i) Let f € Lo(€) be arbitrary. One easily deduces

| /gf(y’ ) [ony,y') — vy, ¥)] dy, )|
< }/Oyo ha(y) [wn(y) — w(y)] dy| +/0y0 192(0)] [w(y)]| dy

1l / Kl — K 9)] [w@)] ()] dy. )
— I, +II,+1II,

where s
h(y) = / Fy, v Kn(y, ¥ )wa(y') dy’
0
and
vy / / ! / /
gn(y) = / Fy ) Kn(y,y) [way) —w(y)] dy' .
0
For a.a. y € Y we have

||f(y7 )Kn(?/> ')||Loo((07yo—y)) < ”f”oo HKHOO , n=>1,

so that Proposition A.1 and (A.2) imply h, — h a.e. on Y where h is defined as h,, but
with K and w instead of K, and w,,. Further, h,, h € Loo(Y) with || Ao < || f]]oo || ]| soCo
for n > 1. Applying Proposition A.1 once more we obtain I, — 0 as n — oco. Since
analogously g, — 0 a.e. on Y and

90 (W] < 1 lloo [ K lloo(co + |w]y) ,  aa.yeY,

Lebesgue’s theorem yields I1,, — 0 as n — oo. Finally, 111, — 0 also follows from the
latter.

(ii) For the remainder of this proof fix f € Lo (Y) arbitrarily. Using Lemma 2.7 one
shows analogously to (i) that L!(K,)[w,] — Li[w] in L;,. For the sake of completeness
we prove

I}g(ﬂc7n,Kn)[wn]—>Lg[w] in Ly (A.5)
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in detail. With the aid of the transformation (y,y’,y") — (v",y +vy —v”,y) and Fubini’s
theorem we infer

[ OB G ) ~ 220w} o]
< \/yo hn(y) [wn(y) = w(y)] dy| +/Oy0 19 ()] [w(y)] dy

1 e / / by, ) ()] dy [w(y)] dy
= I,+1I,+ 111,

where
vy y+yl 1 / " 1 / / /
m) = [ [ W ealy 450" A9 Koy d
0 0
and
n=[" / Y Benly+9'9") dy Koy, /) [waly) = w(y)] dy
as well as
/ y+yl !/ " / !/ n / "
ba(y,y') = / Beny + 94"V Ky, y') — Bely + ' 0" VK (y.y)| dy” .
0
We now show I, — 0 as n — oo. Putting K, := K we can find according to (A.2) a

subset A of Y such that |A°| = 0 and ||K,(y,")||z.(v) < ||K]|sc for n € N and y € A.
Observe then that due to Hypothesis (H3), (3.14), and [13, X.Thm.6.7, X.Lem.7.2] the
map

E-R", (v, H/ By +y'.y") dy”

is measurable and equals 2 a.e.. Hence, [13, X.Kor.6.8] entails that there exists N C Y
with |[N¢| = 0 and the property that for each y € N there exists a set B, C (0,y0 — v)
such that | By = 0 and

!

y+y
/ Boly+y,y")dy" =2, ' e€B,. (A.6)
0

Put Z:= AN N CY and notice that |Z¢| = 0. Fix y € Z arbitrarily. Then (A.6), (A.1),
and Lebesgue’s theorem imply

/

/ y+y 1 / 1 1
Vn(y,Y") :=/ [y )ﬁc,n(y+y y") dy
0

—>/ FWN By +y'y") dy” = v(y,y) ,
for each y' € B,. Therefore,
Vn(y7 )Kn(y7 ) - V<y7 )K<y7 ) a.c. on (Oa Yo — y) (A7>

in view of (A.2). Since

V(Y ) En (Y Mz (@po-v) < 2 fllocll Klloo s n €N,
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we obtain from Proposition A.1 that h,(y) — h(y) for y € Z. Thereby, h is defined as
hy, but with 3., K, and w instead of 3.,, K,, and w,, respectively. Again with the aid
of Proposition A.1 we deduce from

[l vy < 20 flloo [[Klocco , n €N,

that I, — 0. Similarly /7, — 0 holds. Finally, an application of Lebesgue’s theorem
yields I11,, — 0. Thus (A.5) is valid. Based on (3.14) it is not difficult to modify the
above proof to deduce L2(K,,)[w,] — L3[w] in Ly . O

Lastly, we state the convergence result for the scattering operator which can be proven
analogously as the previous Lemma. Recall that

T 1 y0+y vo / 1 / ! i / i 1 /
Ly(Bsn, Kn)[v)(y) = 5 BsnW's 1) Kn(y", v — 4" )0y )y —y") dy'dy
Yo Y —%o
1 vo vo / 1 1! / / /
- §v(y) By +v',y") dy" Kn(y,y)v(y') dy’,
yo—y Jy+y' —yo
and that

L [ R 1 y0+y vo / K " /_ " " /_ " d //d /
slly) =5 Bs(W' )K"y —y" oy )y —y") dy'dy
Yo ¥ —Yo
B v K / N di
v(y) (v, ¥ )o(y) dy" .
Yyo—y
Lemma A.4. The convergence ES(Kn,ﬁw)[wn] — Lg[w] in Ly is valid.

In particular, if v, = v, Ben = Be, Bsn = 55, and K,, = K we have the following result.

Corollary A.5. The map L[| = Ly[-] + Lc[] + Ls[] : L1w — L1y is sequentially contin-
uous.
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Part 2

Coalescence and Breakage Processes with
Diffusion






4. Preliminaries

In part 1 we investigated the evolution of a liquid-liquid dispersion assuming droplets to
be uniformly distributed. The aim of this part is to remove this fundamental assumption,
allowing the droplet size distribution function to depend on spatial coordinates, and study-
ing well-posedness of the underlying physical model. As we shall see, taking into account
diffusion complicates the problem enormously and requires a different approach, of course.

Let u = u(t,z,y) denote the distribution function of droplet size and consider the un-
countable set of partial integro-differential equations

du(y) —d(t,z,y)Apu(y) = L(t,z,u)(y) mQ, t>0, yeY,
dyu(y) =0 ond, t>0, yeyY, (xx)
u(0,-,y) = u’(y) nQ, yey,

where 2 C R", n > 1, is a bounded and smooth domain, v is the outward normal vector
of Q and Y = (0, yo]. Moreover, the 'reaction term’ L is given by

L(t,z,u) := Ly(t,z,u) + Lc(t, z,u) + Ls(t, z,u) ,

where the operators Ly, L., and L, are defined as in part 1 (see page 13) but with kernels
v, Be, Bs, K, P, and @ now depending also on (¢, z) € Rt x Q. In contrary to the previous
part we neglect the efficiency factor ¢(u) for simplicity.

Our approach to Problem (xx) is to interpret it as a single equation. Formally, this is
obtained by putting A(t) := —d(t,-,-)A with respect to Neumann boundary conditions,
so that Problem (xx) can be rewritten as a vector-valued Cauchy Problem of the form

u+ A(t)u = L(t,u), t>0,
w(0) = u .

It turns out that — as in the scalar case — the operator —A(¢) is the generator of an
analytic semigroup on L, (€2, E') with domain of definition

D(A(t)) = H)g(Q,E) :={ue H(QE); d,u=0},

where F is an appropriate function space over Y. A natural choice of this state space E
would be L;(Y) which is, however, impossible as we shall see.

Once this formal reasoning is made rigorous, it is indispensable to have an exact char-
acterization of the interpolation spaces between L,(2, E) and D(A(t)) = H2 3(Q, E) in
order to take full advantage of semigroup theory. This is the purpose of chapter 6. Bearing
in mind the well-known interpolation results of Grisvard [30], [31], [32], and Seeley [54],
[55] for the finite-dimensional case, one may ask on what conditions on the underlying
Banach space F these results can be generalized to the infinite-dimensional setting. Our
arguments are inspired by those of Guidetti [33] and require, regrettably, a Hilbert space
leading to — at least from a physical point of view — the somehow artificial state space
E = Ly(Y).

In chapter 7, we first verify that the above operator —A(t) indeed generates an analytic
semigroup by using rather new results (cf. [23]) on maximal regularity of elliptic opera-
tors acting on L,(2, E'). From this we derive existence of a unique maximal solution for
Problem (%), which is non-negative and conserves the total mass. In special cases we
obtain global existence.

(CP)UO
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5. Notations and Conventions

We briefly collect some basic spaces and their properties which we will use in the sequel.
For more detailed information and proofs we refer in particular to [9], but also to [2], [3],
and [8].

Let X and Z be locally convex spaces. We denote by L£(X,Z) the set of all bounded
linear operators from X into Z. We put £(X) := L(X, X). Further, Lis(X, Z) consists
of all topological linear isomorphisms from X onto Z and Laut(X) := Lis(X, X). If X
is a linear subspace of Z such that the natural injection i : [z — z] belongs to L£(X, Z),

we express this by X — Z. If this embedding is also dense, we write X 4, Z, whereas
X = Z means that X — Z and Z — X.

For the remainder, let E := (E,|-|g) be a Banach space and X a nonempty open subset
of R". We say that E is a UMD space if the Hilbert transform is a bounded operator on
L,(R, E) for some p € (1,00) (for a precise definition see [8, II1.4.4]). Note that a UMD
space is necessarily reflexive and that Hilbert spaces possess the UMD property.

D(X, E) is the space of all E-valued test functions, that is, the locally convex space
of all smooth FE-valued functions with compact supports in X, equipped with its in-
ductive limit topology (as in the scalar-valued case) and D(X) := D(X,R). We write
S(R", E) for the Schwartz space of all rapidly decreasing smooth FE-valued functions
on R", endowed with its usual family of seminorms and we put S(R"):=S(R",R).
Further, D'(X, E) := L(D(X), E) is the space of all E-valued distributions on X and
S'(R",E) := L(S(R"), E) denotes the space of all E-valued tempered distributions on
R™. Both of these spaces are endowed with the topology of uniform convergence on
bounded subsets.

Recall that for u € D'(X, F) and o € N* the distributional derivative 0%u is defined by

(0*u)(p) = (=1)"u(d*p) , ¢ e D(X).
By F € Laut(S'(R", E)) N Laut(S(R", E)) we denote the Fourier transform, and occa-
sionally we put u := Fu for u € S'(R", E).
Whenever it makes sense we mean by f * g the (eventually vector-valued) convolution of
f and g.
If a € C*(R", E) and if for any given o € N" there exist m, € N and ¢, > 0 such that

|0%(x)|p < ca(l + \93|2)m“ , TeR",
we say that a belongs to the space of slowly increasing smooth functions Oy (R*, E). If
a € Oy(R") := Oy (R, R), then
[p—apl € L(S'(R",E)) NL(SR", E)) .
Hence, given a € Oy (R"),
a(D) :=F 'aF € L(S'(R",E)) NL(S(R", E)) .

For s € R", BUC*(X, F) is the Banach space of all functions u : X — E whose derivatives
of orders at most [s] are bounded and uniformly continuous and whose derivatives of order
[s] are (s — [s])-Holder continuous if s ¢ N.

The Sobolev space W) (X, E) for m € N and p € [1, o] is the Banach space consisting of
all u € L,(X, E) such that the (distributional) derivative 0%u belongs to L, (X, E) for all

59
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la] < m, equipped with its obvious norm.
IfO0<f<land1l<p< oo, we put

e\ de 1/p
o=, (e o )

Then we define for m € N and 0 < 6 < 1 the vector-valued Slobodeckii space

WX, E) = ({u € WX, B); Jullmiop < 50}, - hnso

where

s = o) + ma [l

|a|=m

If meNand0<6 <1 then W, m+%(X, E) is the Banach space of all E-valued distribu-
tions © on X having a representation

u= Z (—=1)loou,,
o|<m
with u, € W/(X, E), equipped with the norm
wis inf (3 Juallos)

laj<m

the infimum being taken over all such representations. It holds
s t
WHX,E) =W, (X,E), s>t, 1<p<oo.

Fix ¢ € D(R™) with 0 < ¢ < 1 and ¢|g. = 1 as well as supp ) C 2B". Then set 1y := ¥
and ¢y, == h(27%) — (2751 for k € N, so that (4)ren is a dyadic resolution of the
identity on R". For s € R and p, ¢ € [1, 00|, the Besov space B; ,(R", E) is defined as the
set of all u € §'(R", E) satisfying

] Bs, = [|ul B; ,(R".E) -= H (28kHwk(D)u”Lp(R"vE))keNqu <00

It is a Banach space with the norm |[| - [5; = and different choices of ¢ lead to equivalent
norms. Then S(R", E) is dense in B; (R", E) provided p,q < oo. For s € R and
1 < p < oo one has

B;J]l(Rn’E) - B;,qo(Rn7E> , 1< <qgp<oo. (51)
Moreover, for 1 < p, qp, g1 < o0 one has
Blshlql(Rn’E> - B;?qo(an E) , 81> 80, (52)
as well as for 1 < pg,p1,q < 00
Byl (R E) = By (R*,E), pi<py, s1—n/pi>s—n/p. (5.3)
Also,
B (R E)=W;(R"E), seR\Z, 1<p<oo, (5.4)
and

B, (R",E) = BUC*(R",E), scR"\N. (5.5)
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Denoting for 0 < # < 1 and 1 < ¢ < oo by (+,+)s, the real interpolation functor of
exponent 6 and parameter ¢ and by [-,]g the complex interpolation functor of exponent
0 (see section 6.3 for precise definitions), it holds for 1 < p, ¢, qo, 1 < 00 and sg # 1

(B (R, E), Byl (R, ), = Byg V™ (R, E) (5.6)

and

(B3, B), B, (R, )], = B, OWARE) . g<oo. ()
Moreover, F~'(1 + |¢|?)*/2F € Lis(B. (R", E), B, *(R", E)) for t,s € R.
Let s € Rand 1 < p < oo. Then H;(R", E) is the Bessel potential space defined by

H;) )

s/2

H(R"E) = ({u e SR, E); ' (1+[¢P) " Fue LR, B)}, |-

where

ey = | F U 1E) Pl oy
ny and S(R”, E) is dense in Hj(R", E). Further-

[y = [l

It is a Banach space with the norm || - |

more,
HR",E)<> H(R",E), s>t, 1<p<oc. (5.8)

For the remainder let £ be a UMD space and 1 < p < co. Then
H'R", E)=W"R"E), mecZ, (5.9)

and, for s € R, the dual space [H;(R”, E)]/ of H:(R", E') with respect to the duality
pairing induced by the L,-duality pairing coincides with H *(R", E') (with equivalent
norms). Here we use the convention 1 = 1/p+ 1/p’. Further, for 0 < # < 1 and s; € R,
it holds

[H(R", E), H'(R", E)], = H{'" %" (R" E) , (5.10)
and for 1 < ¢ < 0
(H (R, E), H;'(R", E)), = Byl " " (R", E) . (5.11)

For « € N, 9 € L(H;(R",E), Hy”“(R", E)). Finally, u belongs to H3(R", E) iff
0%u € Hy7™(R", E) for all [a| <m € N, and

[u — Z |0%ul|

laj<m

H;—’"(Rn,E)] (5.12)

is an equivalent norm on H;(R", E).
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6. On Interpolation with Boundary Conditions

The aim of this chapter is to prove the interpolation formula
(L E), H. 3(LE)], = HX%(QE), 0<f<1, 20#1+1/p, (6.1)

where E is a Hilbert space and — roughly speaking — H;B(Q, E) consists of all those
u € Hj(Q, E) satisfying d,u = 0. Our arguments are very similar to those of Guidetti
[33] who proved the analogue result for scalar-valued Besov spaces (see section 6.4). We
begin with some auxiliary results.

6.1. A Multiplier Result

Let R? :=R"! x R* be the upper half space. Provided F is a Hilbert space, we prove
in this section that the characteristic function Xry IS & multiplier for the Bessel potential
spaces Hy(R", E) if 1 < p < oo and =1+ 1/p < a < 1/p, that is, there exists some
Cap > 0 such that

Ixwrr ull g @5y < Capllullmsmnp) , u€ HI R, E).
The scalar-valued version of this result has been obtained by Strichartz [61] (see also [41]
for p = 2), whose arguments we will generalize to the vector-valued case. Although most
of the ideas used in the proof can be adapted to arbitrary Banach spaces possessing the
UMD property, its main idea — namely, to work with an equivalent norm on H(R", E)
which can be handled easier (cf. Proposition 6.7) — is restricted to Hilbert spaces. Nev-

ertheless, since some of the subsequent auxiliary results (of this but also of the following
section) are interesting in themselves, we state them for UMD spaces where possible.

For an arbitrary Banach space X := (X,|-|x) and 1 < p < oo define the Marcinkiewicz
space Lx(R", X) by

L;(Rn>X) = ({f € Ll(Rn>X) + Loo(Rn>X); ”.f”L;(R",X) < 00}7 H ) ||L§(R"7X)>
where

" 1/p
||f||L;(Rn7X) = sup U()\n({ZER S f(2)]x >(7})> i
>0

Here, A, denotes Lebesgue’s measure on R*. Then L3 (R", X) is a quasi-Banach space
(see [62, §1.18.6] and [35, §1.3] for details). For brevity put Ly(R") := L:(R",R).

For the proof of the following Marcinkiewicz interpolation theorem we refer to [62,
Thm.1.18.7/2] or [35, Thm.5.3.2].

Proposition 6.1. Let X; and X, be Banach spaces and p;, q; € (1,00) with py # p1 and
qo # q1. For 0 <6 <1 define p and q by

1 1-6 0 1 1-60 0
= +

P w  m 4 @ @
(i) If T is a linear operator satisfying for some r; > 0
HTf||L§i(R”7X2) < Ti||f||Lpi(R",X1) ) 1= 07 1 ;
then
63
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T fllzy@nx0) < cO)rg ril fllz,@nxy if p<q.
(ii) If T is a linear operator satisfying for some r; > 0
| T fl Ly, @ x2) < 1ill fllzp, ®ex0) »  1=0,1,
then
ITf]

L% (R, X3) < 0(9)7“(1)_07“?”]6| Lx(R™,X1) -

In order to give another characterization of H;‘(R”,E), define for a« > 0 the Bessel
potential G, by

where I' is the gamma function.

Lemma 6.2. It holds G, € L1(R") and G, = F (1 +]- |2)_a/2 for a > 0. Furthermore,
Go €L (R') if 0 <a<n.
PROOF. For the first and the second assertion we refer to [3, Lem.3.3.1]. If 0 < a <n
use the substitution s := |z|?/4t in the definition of G, (z) to deduce
0 < Golx) < cpolz|™, zeR,
and whence G, € L*»_ (R"). I

The following corollary is a consequence of the convolution theorem (see [9, Thm.3.6]).

Corollary 6.3. Let E be a Banach space, 1 < p < oo, and a > 0.
Then Hy(R*, E) = {Ga xg; g€ L,(R", E)} and ||Go * gllug®n.2y = |19l L, ®n B)-

In the sequel we use the following notation. Given any (quasi-) normed spaces X, Y, and Z
we mean by writing X ¢ Y < Z [resp. X xY — Z] that multiplication [resp. convolution]
X xY — Z is continuous. For instance, if E is a Banach space and 1 < s,t,7 < 0o then
Holder’s inequality gives

1 1 1
Ly(R")e 4(R", E) — L.(R",E), -=-+ T (6.2)
r s
while Young’s inequality implies
1 1 1
Ls(Rn>*Lt(Rn7E)(_>LT(Rn7E> ) 1+_:_+; : (63>
r s

Proposition 6.4. Let E be a Banach space and suppose that o >0 and 1 < p < n/a.
Then L;/Q(R”) o H}(R", E) — L,(R", E).

PRrROOF. Owing to Lemma 6.2 and Corollary 6.3 it suffices to show that
[V(Ga * g)llL,@®nm) < ]

forall ¥ € Ly (R") and all g € L,(R", E). For, fix a; > 0 with p <n/ag <n/a <n/a;
and put 1/¢; :=1/p — «a;/n for i = 0,1. By (6.3) we have

L (R") % L,(R",E) — L, (R*,E), i=0,1,

n—o;

r;,. @ [[Gal

n—

v, @) 9z, @ (6.4)
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and thus, in view of Proposition 6.1(ii),

n 1 1 «
L*» R")*L,(R", E LY (R", E < — ==
m( )* P( ) ) - q( ) ) ) p a ) q p n
Similarly, we deduce from this and Proposition 6.1(i)
1 1
Lo (R") % L,(R", E) = L(R".E), p<=—, 5:5_%‘ (6.5)
On the other hand, (6.2) yields
n 1 1 «
Loo(R") e L,(R* E) — L,(R".E), p<_, —=2_92,
Ja(R") @ Ly( ) = Ly( ), P o 7 p n
from which it follows by Proposition 6.1(ii)
n 1 1 «
(R e L, (R", E L} (R", E < — —-—=———.
n/a( ). q( ) ) - p( ) ) P a’ q p n
Taking into account (6.5), we conclude
fa(B) @ (Lo (RY) x L(R", E)) — Ly(R"E), 1<p<—.
n—o a
Finally, applying Proposition 6.1(i) once more we obtain
wa(RY) o (Lo (R) % L(R", E)) = L(R", E), 1<p<=,
n—o a
and whence (6.4). O

As in [61] for the scalar-valued case, we generalize Fubini’s theorem to Hilbert-space-

valued Bessel potential spaces.
Recall that m € Lo (R") is said to be a Fourier multiplier for L,(R*, E) if

||f_1mfu|]Lp(Rn7E) S CHUHLP(R",E) s u e Lp(Rn,E) .
Foru:R* — EF and 1 <k <n put
up(2') ==,k .l ), 2 RV

Proposition 6.5. Let E be a Hilbert space and suppose that 1 < p < oo and o > 0.
Then u € L,(R", E) belongs to HY (R, E) if and only if for each k € {1,...,n} the map
12" = JJur(2) || po @, belongs to Ly,(R*™") and then

n
Hu”Hg(R",E) ~ Z H HukHHg(RvE) HLP(R"*) ‘
k=1

PRrROOF. Let 1 < k <n be arbitrary and define
a/2 —a/2 n
an(€) = (L+ &) (1+1¢) ", cer.
Then, for 5 € N* with 8 < (1,...,1), there exists cg > 0 such that
70 ar(€)| < s, EE€R.

Since F is a Hilbert space, the vector-valued Mikhlin theorem of [71, Prop.3] entails that
ay, is a Fourier multiplier for L,(R*, E'). Similarly, the function b defined by

0e) = (1+1ED™ [0+ )] cer,

j=1
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is a Fourier multiplier for L,(R", E)). Thus,
Wi Z 1F(1+ ) Fuwll b, @r.p)

is an equivalent norm for HZ‘;'“(R", E) Temporarily, define for 1 < k <n

Fro(x1,y ooy 1,y Ty« vy L) 2= / e Sk p(x) dry, , p € S(R*, E) ,
R
and extend Fy to §'(R”, E') by putting
Frw(p) =w(Frp), ¢ €SR"), weS[R",E).
Likewise, F,~ ! defined by

_ 1
F lgo(xl, ey T 1, Efy Tl 1y ey ) 1= %fkcp(xl, ey Tty =&y Tty - X))

for ¢ € S(R", E), is extended to S'(R", E'). The assertion is then a consequence of the
facts that

Fru+&)PFu=F1+&)*Fiu, ueS®RE), 1<k<n,
and L,(R", E) = L,(R" ", L,(R, E)). O

/2

Remark 6.6. For simplicity we assumed E to be a Hilbert space in the previous propo-
sition although less is required. Actually, the proposition is valid provided E is a UMD
space possessing a local unconditional structure (see [7T1] for a definition) as L,-spaces,
for instance. On the other hand, the arguments used in the proof are false for arbitrary
UMD spaces. Indeed, defining a;, as in the above proof, the function & ~— |£[171|0%ay ()]
for 5 € N* with 5 < (1,...,1) remains not bounded as || — oo in general. Hence, the
vector-valued Mikhlin theorem [71, Prop.3] for arbitrary UMD spaces cannot be applied.

Let B™ denote the unit ball in R*. Formally, define for v : R* — F and o > 0

o0 2 gt \Y?

Sau(x) == (/0 ( . lu(z + ty) — u(z)|p dy) m) , TER".
Proposition 6.7. Let E be a Hilbert space. Suppose that 1 < p < oo and 0 < a < 1.
Then uw € HY(R", E) if and only if u € L,(R", E) and Syu € L,(R") and then

[ullze®n,m) ~ ||ullr,®nm) + [|Satl L, @) -

PROOF. Since E is a Hilbert space, this follows from [53, Rem.6, Prop.8| and the
references therein. O

Remark 6.8. It seems to be worthwhile emphasizing that it is mainly this proposition
which prevents work with more general spaces in the sequel, since it is true only if E is a
Hilbert space.

Proposition 6.9. Let E be a Hilbert space and assume that 1 < p < oo and 0 < o < 1.
Then f € Loo(R"™) is a multiplier for Hy(R", E), i.e

1 fullrg@nm) < cllullmg@np) . we H (R E)

if and only if
||usaf||Lp(R”,E) S CHUHHZ‘}(R",E) s u < H;(Rn, E) .
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PROOF. Assume that f € L. (R") is a multiplier for H}(R", ') and let u € H'(R", E))
be arbitrary. Then
|u(z)|pSaf () < 2||fllocSau(x) + 25, (uf)(x), aa. zeR",
so that according to Proposition 6.7
[uSafllL,@rE) < 2/ flloo [[SaullL,@n) + 2l Sa(wf)l|L, @) < cllull oy p) -
Conversely, suppose that f € L (R") satisfies
[uSafllL,@nE) < cllullue@nr) , uwe H)R",E).

Since
Sa(wf)(x) < 2| fllacSau(z) + 2|u(z)|pSaf(x) , aa xzeR",
one easily deduces, by virtue of Proposition 6.7, that f is a multiplier for H(R", E). O

Corollary 6.10. Let E be a Hilbert space and 0 < o < 1/p < 1. Then x(,x) 5 @
multiplier for H(R, ).

PrROOF. Provided o > 0 it is not difficult to check that
SozX(O,oo)(x) < C|$‘_a , T E R )
for some constant ¢ > 0. Hence Sax(0,00) € L7, (R), and Proposition 6.4 yields

[wSaX(0.00) |, @5) < cllSax©o Ly, @llullag@e . we HI(R, E) .

O

After these preparations we can establish now one of the main ingredients for the proof
of the interpolation result (6.1). Recall that 1/p+ 1/p’ = 1.

Theorem 6.11. Assume that E is a Hilbert space and denote for m € {1,...,n} by
Xm = Xwm the characteristic function of W™ := R*™™ x (R")™. Then X, is a multiplier
for HY(R™, E) provided 1 < p < oo and —1/p’ < a < 1/p.

PROOF. (i) Assume that 0 < o < 1/p. Since

Xm () = H X(o00)(Tj) , = (21,...,2,) ER",

j=n—m+1

we obtain from Proposition 6.5 and Corollary 6.10

Ixmull g @e gy < cllullag@n ey, v e HY (R, E) .
(ii) Suppose now that 0 < a < 1/p" and let u € D(R", E). Then

Xmt € L,(R", E) — H “(R",E) = [HS(R", E)]’
and

X, ) ey @n ) = (U, Xm@) e, @r.m) , ¢ € DR, E)
From (i) we then get
[t ) 150 9] < el Il oy 0 € HO(RP,E) |

since D(R", ) is dense in HJ}(R", E), and whence

IXmull gzo@n gy < cllull gomn ), v €DRYE). (6.6)

The density of D(R", E) in H,;“(R", ) entails that we may extend X, in order to obtain
(6.6) for all u € H,*(R", E). 0O
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6.2. Spaces on Domains and Traces

Throughout this section, we assume that E is a UMD space and that €2 C R" is a bounded
and smooth domain.

If X is a nonempty open subset of R", we denote by rx € E(D’(R”, E),D'(X, E)) the
restriction operator for X, that is,

(rxu)() :=u(p), ¢eDX), ueDR"E).

If se Rand 1 < p,q < oo, we define S(X, E) :=rxS(R", E) for S € {H;,B;vq} and we
equip these spaces with the quotient space topology, i.e.

|ulls(x,p) = inf {H’ZLHS(Rn’E') ;u€e SR E), ryu= u} )
Then, these are Banach spaces. Furthermore, we set R} := R*™! x R+ and R := {0}.

Proposition 6.12. Let X € {Rﬁi, Q} and s € R.
(a) The restriction operator rx is a retraction
(i) from WS(R", E) onto W;(X, E) if 1 < p < oo,
(i) from By (R" E) onto By (X,E) if1 <p<ooand1<q< oo,
(i11) from BUC*(R", E) onto BUC*(X,E) if s € Rt,
(iv) from Hy(R", E) onto Hy(X, E) if 1 < p < oo.
Moreover, there exists a universal co-retraction ex being independent of p,q, and s.
(b) Assertions (5.1)-(5.11) remain valid if R™ is replaced by X.

PROOF. Suppose that X = R. Then (i) and (iii) are proved in [2]. Since (i) im-
plies W) (R", E) = rry W, (R", E), where the latter is given its quotient space topology,
assertions (5.4) and (5.9) remain true if R” is replaced by R. Thus, (ii) and (iv) follow
by means of [8, Lem.2.3.1, Prop.2.3.2] and the interpolation formulas (5.6) and (5.10).
Therefore, (a) holds and also entails (b).

Suppose now that X = 2. Then we can refer to [11, Thm.4.1, Prop.4.2] for (i)-(iii).
Again, (iv) follows by interpolation whereas (b) follows from (a). O

Remarks 6.13. (a) Note that (i)-(iii) of the above proposition and assertions (5.1)-(5.8)
with R" replaced by X € {R%},Q} are true for arbitrary Banach spaces. These are
consequences of [2] and [11, Thm.4.1, Prop.4.2].

(b) Proposition 6.12 remains valid for an unbounded domain € provided Jf2 is smooth
and compact.

Remark 6.14. It is shown in [53, Thm.4] that (for an arbitrary Banach space E) the
trace operator 7, defined by

You(z') = u(2',0), 2 eR*"', weSR",E),
can be extended to
Y € L(H(R",E),B; "R E)), 1<p<oo, s>1/p.
Thus, E being a UMD space, we have for £ € N
0F = o0kexn € L(HY(RY, E), By F PR E)), 1<p<oo, s>k+1/p,

where ern denotes a co-retraction of TR™ according to Proposition 6.12.
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Before constructing a suitable co-retraction for 8% , let us introduce the Poisson semigroup
P :={P(t) ; t > 0} given by P(t)u := p; * u, where po := ¢ and

pe(z) == cpt(|z)? +t2)_(n+1)/2 , zeR", t>0,
with ¢, > 0 chosen so that ||p1]|r,®r) = 1. Observe that p, € Li(R") for t > 0 and that
) =eMl ceR, t>0.

Proposition 6.15. Let 1 < p < 0co. Then P is an analytic semigroup of contractions on
Ly,(R", E). If A denotes the infinitesimal generator of P, then D(A™) = H*(R", E) and
A= (=1)"F " Fu, we H'R"E),

for each m € N.

PROOF. One proves the assertion along the lines of [62, Lem.2.5.3, Rem. 2.5.3/1,2].
In order to characterize the domain of A™, use the Mikhlin multiplier theorem of [71]. O

Theorem 6.16. Let m € N. Then there exists

Qmec(HB;;j—I/P(R”—l,E),H;(Rz,E)), seR, 1<p<oo,
=0
such that for each k € {0,...,m} with s > k+1/p

O Q.. u™) =u", (U HBS iR B

PROOF. (a) Fix A > 0 and j € N. First suppose that n = 1. Then R"~! = {0} and
hence S(R*™, E) = E for S € {W;, Hs, Bs }. Define R; := R;(\) by

t
=—e u, t>20, uek.

Clearly,
108 Rjull 1, ((0,00)8) < cilulp, kEN, 1<p<oo,
and thus trivially
Rj=R;(\) € L(B,77VP(R"™ E),H:R}E)), seR, 1<p<oo,

since B,/ P(R*, E) = E and WE(RY, E) = HYR?, E) « H(R?, E) for s < k € N,
Suppose now that n > 2. Denote by F,_; the Fourier transform on R* ! and define
Rj:= R;(X) by

t
Rju(t) := f‘e—Atfg_lle_At|§|fn_1u , t>0, ueSR"LE).
g!
Let P = {P(t); t > 0} be the Poisson semigroup on L,(R"!, F) with generator A. Since
Pac(€) = e Ml ¢ € R*1 | the convolution theorem yields
t
Rju(t) = 76_AtP(At)u = Zut), t>0, ueS®R"E).
g!
S(R"!, E) being a dense subset of L,(R""!, E) and e~ being a Fourier multiplier for
L,(R" 1 E) (cf. [71]), we deduce

Ru(t)=Zut), t>0, ue LR E). (6.7)



70 6. ON INTERPOLATION WITH BOUNDARY CONDITIONS

On the other hand, (5.10) and Proposition 6.15 guarantee that we may apply [5, Prop.B.1]
to obtain (see the proof of [5, Thm.B.2])

Z;e L(BY 77VP(RYE), HARY,E)), keN, k>j+1.
Recalling (5.7) and (5.10), complex interpolation and (6.7) result in
Rje L(B: ) "(R",E), H}(R} ,E)), se€R, s>j+1.
Let s < j + 1 and choose k € N with s + 2k > j + 1. Then, for u € By, "/»(R"!, E),

t
Rju=F, ! (14| ) . 1]—6_)‘tf_ e MEE, L F (1 (€ ) Fou .

The last part is a mapping from Bi,’ “?(R"!, E) onto Bih ¥ "Y/P(R*—1, E), and the
above considerations entail that the middle part is a mapping from Bp2r 7 /7 (R, E)
into H3*?*(R?, E). Finally, one obtains by the first part a mapping from H5™* (R, E)
into H, (R’ , E). Therefore,

Rj=R;(\) € L(B,"VP(R"E),H(R},E)), s€ER, 1<p<oo.

(b) Now let n > 1 be arbitrary and fix m € N. Given \,, > \,,_1 > -+ > A > 0 one can
uniquely determine coefficients a;, such that

m

Zajm:1> j=0,....,m, (6.8)
r=j
and
> ap N =0, k=1,..m, j=0..k-1, (6.9)
owing to Vandermonde’s determinant. We define
Qm(uO’ .. 7um) = Z Z aj,er()\r)uj s (UO, c. ,Um) € H B;;j_l/p(Rn_l,E) s
J=0 r=j Jj=0

so that in view of (a)
Qme£<HBS PR B), (R, E)), sER, 1<p<oo.

Assume that n > 2 and let v/ € S(R"™!, F) for each j € {0,...,m}. Then, for 0 < k < m,

m k
k
aanm(uow"’um) = E : (l) ]' - OE a]rak l[ — tP()\ t)uj]
0

k m
k
= (l) g a N1 A = P
0

1= r=I

t=0

according to (6.7)-(6.9). The density of S(R*!, E) in By, ?(R"~', E) entails that for
ke{0,...,m} with s >k+1/p

6anm(uO, ou™) =ub Wl um) € HB;;j_l/p(]R”_l, E),

j=0
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since in this case 0F € E(H;(Ri,E),B;;,k_l/p(]R”_l,E)). Thus, we have proven the
claimed statement if n > 2. The case n = 1 is obtained analogously. O

In order to give a consistent definition of distribution spaces on 02, we now show that
Bessel potential spaces and Besov spaces are invariant under coordinate changes.

If X; and X, are open subsets of R", we denote by Diff( X, X5) the set of all (smooth)

diffeomorphisms from X; onto X,.

Lemma 6.17. Let X, X5, and X3 be open subsets of R and let f € Diff (X, X3). Then,
there exists ezactly one f* € L(D'(X,, E),D'(X1, E)) such that

ffu=uof, welC(XyFE).
It holds
) (fru)(p) =u(ldetdf HpofT), ¢eDX)), ueD(XyE),
) fH(au) = f* af*u a€C®(Xy), ueD(XyE),
(1) (go f)u=f"yg u€D(X; E), ge€Diff(Xs, X3) ,
) supp(fTu) = f~ (SUPPU) , u€D(Xy E).

PRrROOF. The proof of [37, Thm.6.1.2] can easily be modified for E-valued distribu-
tions. O

Proposition 6.18. Let X, Xy C R" be open. Suppose that f € Diff (X1, Xy) and that
X € D(X3). Then, fors e R, 1 <p < oo, and 1 < g < oo,

[u— f*(xu)] € L(H;R",E)) N L(B; ,(R", E)) .

PROOF. Observe that we can extend f*(xu) = f*xf*uforu € D'(R", E) C D'(Xs, E)
by zero outside of X; to obtain an element of D'(R", E). Using (5.9) and the density of
S(R*, E) in H"(R", E), it is easily seen that

L7 Ol en,my < ellullap@npy s uw e HYRE) . meN. (6.10)
On the other hand, fix m € N and let u € S(R*, E). Then
— (1= 8) 0w = F (14 62) " Fw) € SRE)
and the chain rule entails

(xu)(y) = (1= A = > bal DoMwo f)ly), yeEXs,

|a|<2m

where b, € D(X5). Let o € D(X3) be with o = 1 on a neighbourhood of supp x so that
Frow) =) aad™(f*(ow)) .

|a|<2m

with a, € D(X;) being independent of u. Taking into consideration that by [6, Thm.2.3]
and (5.9)

HSOwHH;Qm(Rn,E) < Ccpr”Hp—Qm(Rn,E) , Ye Hp_2m(Rn, E) , pE D(Rn) )
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we obtain from (5.12) and (6.10)
Hf*(XU)HH;?m(Rn,E) <c Z ||8a(f*(9w))||H;2m(Rn,E)

|| <2m
cllf*(ew)llr,®p) < CHX“”H;?”(RH,E)

<
< C”UHH;%(Rn,E) .

S(R", E) being dense in H,*"(R", E), we deduce
[u— f*(xu)] € L(H*™(R", E))NL(H'(R*,E)), meN.
Invoking (5.10) and (5.11), the assertion is obvious. O

Recall that €2 is a bounded and smooth domain in R”. Hence we can define for any given
u € D(0Q,E) := L(C®(0Q), E) and any chart (¢, U) of the compact manifold 9

up(¥) =u( o), Y eD(pU)), (6.11)
so that u, € D'(p(U),E). If S € {W3 H: Bs } we say that u € D'(09, E) belongs
to S(09, E) provided (the trivial extension of) xu, is an element of S(R*™*, F) for all
charts (¢, U) of 9Q and all x € D(p(U)). Fix an atlas {(¢;,U;); 1 <j < N} of 0Q and
a partition of unity {r;; 1 < j < N} subordinate to {U;; 1 < j < N}. Suppose that
seR, 1 <p<oo,and 1 < g < oo. Putting

N
lullsoae =Y _ (@7 ) mug, ls@n-1m), € SOXE),
j=1

it is not difficult to prove on the basis of Proposition 6.18 and Lemma 6.17 that S(99, E)
endowed with || -||sq,z) is a well-defined Banach space in the sense that different choices
of atlases and partitions of unity lead to equivalent norms. Owing to (5.4) and (5.9), it
holds
W3 (0Q, E) =B, (0Q,FE), secR\Z, 1<p<oo,
and
W(0Q, E) = H"OLE), meZ, 1<p<oo.

In virtue of Proposition 6.18 and Proposition 6.12 we can generalize Remark 6.14 by
means of local coordinates to obtain that the trace 9% := [u > u} 89] induces an operator

e L(H(Q,E), B VPO E)), s>1/p, (6.12)
and that [u — 0fu = aa—:,cu} induces an operator
oF € L(HY(Q,E),Bs FP(0Q,E)), s>k+1/p, keN. (6.13)
Observe that (6.12) and (6.13) imply for 1 <p < oo and 1 < ¢ < o0
Ok e L(B (L E),BS P00, E)), s>k+1/p, keN. (6.14)

Indeed, in view of (5.11) and Proposition 6.12(b), it suffices to note that for sy # s; the
embedding
(B33, (09, B), Byl (09, B)), - By /"1 (00, E) (6.15)
is a consequence of (5.6) and the fact that
[u— (p; ") mjuy, | € L(B, (00 E),B, (R"E)), teR, 1<j<N.

Finally, the analogue of Theorem 6.16 reads as:
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Theorem 6.19. For m € N there exists
O € ﬁ(HB;;,j—l/p(aQ,E),H;(Q,E)) . seR, l<p<oo,
=0
such that for each k € {0,...,m} with s > k+1/p

Q... u™) =u*,  (u° HBS I=YP(O0, E) .

6.3. General Remarks on Interpolation

We give here a brief introduction to the complex and real interpolation method. For more
detailed information we refer to [35], [62], or [8, §1.2].

Let X; := (Xj,| - |lx,) be C-Banach spaces for j = 0,1. (Xp, X;) is said to be an
interpolation couple, if there exists a locally convex space Z with X; — Z for j =0,1. In
this case we equip the vector space Xy + X; with the norm

2]l x4, = inf {[lwollx, + l1llx, s @ = w0 + 21 € Xo+ Xu }

so that Xy + X; is a well-defined Banach space.

Denote by S the open strip {z eC;0<Rez< 1} and define F (X, X7) as the set of
all f € BO(S, X+ X;) (that is, f is a bounded and continuous function from S into
Xo + Xj) such that f|g is holomorphic and

[t— f(j+it)] e Co(R X;), j=0,1,

where (Y is the space of all continuous functions vanishing at infinity. Then F(Xo, X7) is
a Banach space with the norm

£l 7(x0.x0) = MaX Sup 1f(7+at)l|x, -
- teR
Given 6 € (0, 1), define the Banach space [Xo, X1]g b
[Xo,Xl]g = <{$ c X() + Xl; f(@) =T fOI‘ some f € f(Xo,Xl)} y || : ||[X0,X1]9) )
where

12| ix0, x5 = I {1 fll 0,005 £(O) =2}
For convenience, put Xy := [Xo, Xi]p, 0 < § < 1, and [Xo, Xi]; := X;, 7 = 0,1. Then

the complex interpolation functor |-,-]s is exact of exponent 0, that is, given any other
interpolation couple (Yp,Y;) and T € L(X,, Yo) N L(X1, Y1), it holds
1Tl cxox30, vovile) < I TN Ecko v 1T 120000y » 0<O<1. (6.16)

Now, if (Xg, X;) is an interpolatlon couple over the reals, we put
[Xo, X1lo == [(Xo)c, (X1)clo N (Xo+ X1), 0<60<1,
where (X;)c denotes the complexification of X;. Then [-,-] is an exact interpolation

functor of exponent € in this case as well.

For the remainder of this section, suppose that X; «— Xj.
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Remarks 6.20. (a) If f € F(X,, X;) and 6 € (0,1), then

JO+i) € Xo with [£0+ i), < 1700
for all y € R. This follows from F € F(X,, X;) where F(z2) := f(z +iy) for z € S.
(b) The embeddings Xz — X, for 0 < o < f < 1 are valid, and the norms of this
injections can be estimated by a constant independent of a and 3. Moreover, for 0 < 6 < 1
there exists ¢(6) > 0 with
lllx, < @l ], » =€ Xy

These are consequences of (the proofs of) [35, Thm.4.2.1] or [62, Thm.1.9.3].
(c) Provided 0 < #y,6; <1 and 0 <n < 1, it holds

[Xem XGJn = X(l—n)00+776'1 . (617)

Note that X; need not be dense in Xy. For a proof of this version of the reiteration
theorem we refer to [33, Lem.1.21].

Lemma 6.21. Let f € F(Xo, X1) and put Sy := {z € C; J < Rez < 1} forJ € (0,1).
Then f|z, : Sy — X is continuous and bounded whereas f|s, is holomorphic provided
that 0 <6 <9 < 1.

PROOF. Let 0 < 6 <9 < 1. Due to Remarks 6.20 we have [Xo, Xylg/9 = Xy and, in
addition, )
1) x, < cellfllrxoxy . 2 €Sy
Therefore,

1/ (2) = f(Z)x, < CHf(Z) — FE ool < ellf ) = FE . 22 €85

This implies that f| 5, - Sy — Xp is continuous and bounded.
Fix zo € Sy, choose r > O with B¢ (20,7) C Sy, and let 2z € Be(z0,7). Since f: S — Xj is
holomorphic,

703 — ko Xo .
mz/@ﬁm Hemd-a)t X

Obviously, this power series converges absolutely in Xy due to f € BC(Sy, Xj). O

Let us briefly introduce also the real interpolation functor (-, -)s, being defined as follows.
Suppose that (Xg, X7) is a (not necessarily continuously injected) interpolation couple.
Put

J(t, z) = max {||z||lx,, t|z]|x,}, ¢>0, z€XeNXj.
Let 8 € (0,1) and 1 < g < co. Then (Xy, X1)g,, is defined as the set of all x € Xy + X
having a representation of the form

> dt
x:/ v(t) n in Xo+ X, (6.18)
0

where v : Rt — X, N X, is measurable with respect to dt/t and
||t—9J(t7v(t))||Lq(R+7%) < 0. (6.19)

Equipped with the norm
HxH(XO,Xl)G,q = inf ”t_e‘](tv U(t)) ||Lq(R+,%) )
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where the infimum is taken over all v satisfying (6.18) and (6.19), (X, X1)s,, is a Banach
space. Then the real interpolation functor (-,-)g, is exact of exponent 6, that is, (6.16) is
valid if [, -]y is replaced by (-, -)g.q-

A connection between the complex and the real interpolation method is given by

([X07 Xl]@m [XO> Xl]al)n,q = (X(Ja Xl)(l—n)@o-ﬁ-nel,q ; (620)

where 6y, 01,1 € (0,1) with 6y # 6; and 1 < g < oo. Furthermore, for 1 < ¢ < oo and
0 < (<n<&<1,one has the injections

(Xo, X1)ew = [Xo, Xl = (Xo, X1y - (6.21)

6.4. Interpolation with Boundary Conditions

Based on the previous results, we can prove now the desired interpolation formula (6.1).
Throughout this section we assume that E is a Hilbert space, that 2 C R” is a bounded
and smooth domain, and that 1 < p < oo.

For any closed subset A of R" we put
AR E) = {u € H)(R",E); suppu C A} ,
which is then a closed subset of H>(R", ). Moreover, if X C R" is open, we set
Hy)(X,E) = TXH;X(R",E) .

Observe that Hj ,(R", E) = {0}, s > 0, provided A is a smooth and closed submanifold
of R” of dimension less than n. Indeed, due to Proposition 6.18 we may assume that
A C R*, where k < n, so that the claim is evident. Therefore, given X € {R",Q} and

s > 0, we find for each u € f[;(X, E) a uniquely determined o(u) € H) ¢(R", E) with
rxo(u) = u. Defining

[ ul H3(R™,E) (6.22)

it follows that f[g (X, E) is a Banach space and that

Hy(x,B) "= [lo(w)]

rx € L(H: <(R*,E), H}(X,E)), s>0, (6.23)
is a retraction with co-retraction
o€ L(H(X,E),H; x(R",E)), s>0. (6.24)
In particular, we have
Hi(X,E)— H)X,E), s>0. (6.25)

Concerning the trace operator 7, recall Remark 6.14.

Lemma 6.22. Let m € N and suppose that m +1/p < s <m+ 1+ 1/p.
Then, for any v € Hy(R", E) with Y00k v =0,0 <k <m, it holds

8ﬁXRiv=XRiﬁﬁv, geN" with |B|<m+1.
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PrOOF. Fix any § = (,6,) € N*! x N with 1Bl <m+1and ¢ € D(R"). Let
w € S(R*, E) so that
Xrrw € Li(R", E) N C™(R" \ ORY, E) .
Integration by parts yields

Brn—1
(0"xzyw) (@) = (xryd’w) (@) + ) (—1)j/ 05,007 w(a!, 0)dp(a',0) da’
=0 Rt

Brn—1
= (xe2 0"w) () + Y (=17 (977005 7 w) (D) -
=0

(6.26)

For v € Hj(R", E) with Y00 = 0,0 < k < m, choose w; € S(R", E) with w; — v in
H3(R", E). Clearly,

Xrrw, — Xgrv  in L(R*, E) — D'(R", E) . (6.27)
Since |B| < m + 1, Theorem 6.11 yields
Xgn 0wy — xgn v in H}7"Y(R",E) — D'(R", E) . (6.28)

On the other hand, Remark 6.14 entails that for 0 < ;7 < 3, — 1
0% 008wy — 0>y =0 in BL"TVP(RVLE) - DR E) L (6.29)
Consequently, if we replace in (6.26) w by w;, we deduce from (6.27)-(6.29)
(@ xmnv) () = (xe2 9"v)(¢) , ¢ € DR"),
for all 8 = (3, 3,) € N*"! x N with || < m + 1. Obviously, this formula is also true if
B =(4,0) e N~ x {0} with |#| <m + 1. O
This auxiliary result enables us to give a precise characterization of the spaces ﬁlg(Q, E).
Proposition 6.23. [t holds
(i) H3(Q E) = H3(Q,E) for 0 < s < 1/p,
(ii) ﬁ;(Q,E) ={ue H}(QLE); %hu=0,0<k<m} form+1/p<s<m+1+1/p.
PROOF. By means of local coordinates we may replace €2 by R" (see Proposition 6.18).

(i) Let 0 < s < 1/p. Recall that Hi(RY,E) — H3(R?, E) by (6.25). For given
u € Hy(R}, E) choose any 4 € H,(R", E) such that rgn = u. Theorem 6.11 entails

then xey@ € Hjg, (R", E) and hence u = rgy ;i € H3(R?, E). According to (6.22),

we have

ol = Iyl g,y < el )
Since this holds for every u € H,(R", E) with rgr @ = u, statement (i) is obvious.
(i) Suppose that m+1/p < s <m+141/p. Foru € f[g(R’}r, E) choose o € H? g (R*, E)
ANy
with rge @ = u. Denoting for a € R" by 7,w the right translation of w € D'(R", E), that
is,
(raw)(¢) ==w(p(-+a)) , ¢ €DR"),

one easily proves on the basis of (5.8)-(5.10) that
Tre 0 — 4 in HYR"E) as A—0+ .
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Since supp(7ye, @) C R} for each A > 0, we conclude
i k =
66nu:86nrmu:0, 0<k<m,

where 9% is as in Remark 6.14. Conversely, choose v € H3(RY, E) with 9F u =0 for
0 <k <m. Hence @ := ern U € H;(R”, FE) and %a’;a =0, 0 <k <m, so that by Lemma
6.22 and Theorem 6.11

aﬁXRﬁﬂ = X]Ri@ﬁft € H;_m_l(R”,E) . B8 <m+1,

and thus xg»t € H;Ri (R", E). Therefore, u = Ry XR? U € PN[;(RCLF, E) and

[[ul Hy(R? E) — meﬂl Hy®"E) < € Z ||5ﬁXR1ﬁ| Hy ™ YR, E)
1Bl <m+1
<c Y 0%l ysmor@n gy < cllillay@n g < cllull myen g -
|8l <m+1

In the sequel, for given sg, s1 € R we put
=(1—-0)so+0s;, 0<O<1.
Lemma 6.24. Let s; > s >0 and 0 < 0 < 1. Then
[H*(R", E), H\(R", )], = H*(R", E) .
PROOF. The embedding from the left to the right is implied by (5.10).

Conversely, let u € H;fQ(R",E) — H(R", E) and fix feF(H>X R, E),H:'(R", E))
with f(0#) = u. Denoting by r. € E(H;(R”,E),H;(QC,E)), s € R, the restriction op-
crator to Q° := R" \ Q and by e. a corresponding co-retraction (see Remarks 6.13(b)),
the definition of F'(z) := f(2) — e.rof(2), z € S, yields F € f(H;OQ(]R", E), H (R, E))
with F(6) = u. O

Corollary 6.25. Let s1 > s9 >0 and 0 <6 < 1. Then
[H;O(Q, E), H' (9, E)]g =HY (L E) .

Proor. This follows from (6.23) and (6.24). O
For the sake of readability, we abbreviate in the following proofs any E-valued distribution
space S(£2, E') over €2 simply by S. In this sense, for instance, H s stands for H S(Q,E).
Proposition 6.26. Let s; > s> 0 and 0 < 6 < 1. Then

[H*(Q,E), H: (2, E)], = H(Q,E) .

PROOF. Letu € [H;O, f[;l]e — H3¢. Here, the embedding is valid according to (5.10),

Proposition 6.12, and (6.25). Due to Proposition 6.23, the injection from the left to the

right in the statement holds provided sy € (0,1/p). Suppose that there exists m € N such
that m +1/p < sp <m+ 1+ 1/p. Choose 0 < u <n < 6 with

m+1/p<s,<sg<m+1+1/p,
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and f € F(H, H3') such that f(f) = u. Invoking Lemma 6.21, (6.12), and (6.13) we
see that the restriction to S, = {z eC;n<Rez< 1} of the function

[z — 95 f(2)] € BC(S,, B3 F/7(69Q, E))

is holomorphic if k € {0,...,m}. By Proposition 6.23 we obtain 0% f(1+it) =0, t € R,
and thus 0% f(0) = O*u =10, 0 < k <m, due to the three lines theorem. Applying again
Proposition 6.23, we deduce u € H,?. Continuity being obvious, we therefore have

[Hz H), — HY, sg ¢ N+1/p. (6.30)

If sy € N+1/p choose € > 0 small with sgi. ¢ N+1/p. Corollary 6.25, (6.17), and (6.30)
entail then

[H;o’ﬁgl}e - [[H;O’ﬁil]e_a, [H;o,ﬁ;1]€+€] AN [ﬁ;e—s’ﬁse-‘-s

P }1/2 i]f];e .

1/2

On the other hand, the reverse embedding is an immediate consequence of Corollary 6.25
and (6.25). O

Given m € N we define
{ue H{Q.E); 00u=0}, s>m+1/p,

Hy 5, (0 E) = { HAOQE) | 0<s<m+1/p, (6.31)
and Hy 5 = Hjp (9, E). Analogously we define By 5 = By 5 (Q,F) for s > 0 and

1<g¢g<o0. In view of (6.12)-(6.14), these are well-defined Banach spaces.

Lemma 6.27. For m € N and s; > so > m + 1/p, there exists a projection P from
Hp0(Q, E) onto HyY% (2, E) such that its restriction to H,'(Q, E) is a projection onto
H;}Bm(Q,E).

ProoF. Let @, be as in Theorem 6.19 and put
Pu:=u—Qn(0,...,0,0)u) , ueH".

Lemma 6.28. Let m € N, 0 <0 <1 and s; > so >m+ 1/p. Then
and

p7q§Bm(Q7E) 9 1 S (] S o0 .

(H;,OBm (Q> E)? H;}Bm (Q> E))gﬂ = 389

PROOF. Lemma 6.27 entails that we may apply [62, Thm.1.17.1/1]. The statements
are then evident from Proposition 6.12, (5.10), and (5.11). O

Before we state the next theorem, let us add the following result (which is actually true
for an arbitrary UMD space E).

Proposition 6.29. Let s; € R with s; > 59,1 < g < o0, and 0 <8 < 1. Then
(B3, (09, B), B3, (09, E)], = B, (09, E) .
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PROOF. Fix an atlas {(¢;,U;); 1 < j < N} of 9Q and a partition of unity {r;} sub-
ordinate to {U;}. Defining

Mju = (p;')'mju,, , 1<j<N, ueD(0QE),

where u,,; is given by (6.11), the embedding from the left to the right is obtained as in
(6.15).

Conversely, if u € By (09, E) and € > 0 we find due to (5.7) for each j € {1,..., N}
some f; € F(B (R, E), Bsl (R"!, E)) such that f;(0) = Mju and

||fj||f(B;?q(Rn—1,E),Bf,}q(Rn—l,E)) < col| Mjul B, R-1,E) T €

where ¢ > 0 is the norm of the injection from the right to the left in (5.7). Choose
0; € D(p;(U;)) with o; =1 on supp ((¢; ')*;) and put

Zf] Q] SO] )7 wecoo(aQ>, ZES

Then F € F (B, (09, E), B;}q(aﬂ, E)) and F(#) = u from which we deduce that u be-
longs to [B;?q(aQ, E), By (09, E)} o~ The assertion follows from the estimate

||u||[BZ%(@Q,E),BZ}Q(QQ,E)]G < ||F||]-' 0 (09, E), Byl (09,E))
< CZ Hf]“]—' ) (Rn—1 E) Byl (R"—1 E))

< C(HUI

B (00,E) T €) .

Now we can establish our main theorem of this chapter.

Theorem 6.30. Suppose that m € N, 1 <p <oo,1<q < oo, and let Hy 5 (Q, E) and
By .5, (&, E) be as in (6.31), where E is a Hilbert space. For 0 <0 <1 and sy > so > 0
put sg := (1 —0)sg + 0sy1. Then, provided s1, sy # m + 1/p, it holds

[H;O(Q, E), Hls (9, E)]g = H)% (QE)

and
(H;O(Q, E),Hs (9, E))e = B%

P,q;Bm

(Q,E) .

PROOF. (a) Concerning complex interpolation, the embedding from the left to the
right is obvious if sy < m+1/p. Suppose that sy > m+1/p and choose 0 < p<n < <1
with m +1/p < s, < sp. Given f € F(H,°, H}}s ), Lemma 6.21 entails that

[z — 97 f(2)] € BC(S,, By ™ /7(6Q, E))

is holomorphic on S,. Since 9]'f(1+it) = 0,t € R, the three lines theorem implies
O f(0) = 0. Hence, the interpolation space on the left is continuously embedded in the
one on the right.

It remains to prove the reverse inclusion for the complex interpolation result. We may
concentrate on s; > m + 1/p, since otherwise, the assertion follows from (5.10) and
Proposition 6.12. Let u € H% . According to (6.12), (6.13), and Proposition 6.29 we
can choose for each € > 0 and k € N with sy > k4 1/p some

fr € F (B, F1P(0Q, E), BsLF1P(09, E))
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such that fi(0) = 0%u and

) < clloyul

+e.

1o ”f(B;?;’“*”"(aﬂ,ELBZ}J’“*”"(aﬂ,E> By, ¥V 00,E)

Fix M € N with M > max{m, s¢} and put

Fk(z)::{gk’(z)’ zfsjjk“/p’ zeS, 0<k<M,

as well as
G(z) == Qu(Fo(2), ..., Fuo1(2),0, Frug1(2), ..., Fu(2)) , z€ 8,
where Q0 is given by Theorem 6.19. Since 0'G(1 +it) =0, t € R, we have
vi=G0) e [HY Hy |,— HY . (6.32)
Suppose sg ¢ N+1/p. Then, in view of Propositions 6.23 and 6.26 together with Theorem

6.19, it holds

w—v € HY = [Ho H] — [HY Hy ], (6.33)

Whence, taking into account (6.32), u € [H;O, H;,lzsm] p- Furthermore, we deduce

||v] HSO < C”UH[H;O,H;}Bm]e < C”G”}‘(H;O,HZ}BM)

sc Z ”f’f||f(Bz?;’“*1/P<8Q,E>7B;};’“*”"(m,E»

0<k<M
sg>k+1/p

<c Y ol

0<k<M
sg>k+1/p

+ ce < ¢(||ul

B0 KR 90, k) Hy T+ 8) ’

where we used only references cited above. Also, (6.33) and Proposition 6.23 imply

lw = vllipg0, o, 3, < cllu=wllgzo

and thus

HUH[HZO,H;}BM]Q < c(||u| H2O +€) .

Since € > 0 being arbitrary, we obtain from what has already been proven
[H* HYyg |, =HYg , s9¢N+1/p. (6.34)

Suppose now sy = k+1/p with £ € N\ {m} and fix ¢ > 0 small with syp+. ¢ N+ 1/p and

> >
Sote {<} m+1/p for sy {<} m+1/p.
Observing that by (6.17) and (6.34)

(3 Hy s, L = [Hysn Hylsn L1 s
we deduce from Lemma 6.28 the assertion concerning complex interpolation provided
sp > m + 1/p. But the case sy < m + 1/p is obvious.
(b) Finally, the real interpolation result follows exactly as in the last step of part (a) by
means of reiteration in virtue of (6.20). O
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Remark 6.31. Observe that one may generalize (some of) the results of Guidetti [33]
to Hilbert-space-valued Besov spaces using the same arguments as above. More precisely,
one obtains

[B;?q(Q, E), B

2,4 Bm

(2, E)}e =B

s, (L E) g <oo,

and
(BSO (Q,F),B} (Q,E)) = B

D:90 P,q1;8Bm 0,q D,q;Bm
provided 1 < p < o0, 1<4q, qo, 1 < 00, and s; > s9 > 0.

(Q7 E) ?
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7. On Coalescence and Breakage Equations with Diffusion

We now focus our attention on solvability of Problem (xx), see page 57. Throughout this
chapter we assume that 2 C R” is a bounded and smooth domain, that 1 < p < co, and
that 1 < p < o0.

We define E := Ly(Y') and denote again by Y = (0, yo| the range of all possible masses.
Moreover, for a Banach space X, we put F[X] := F(Q, X), where F(£, X) is any space
of X-valued functions defined on ).

7.1. The Reaction Terms

Let Ey, ..., E, be Banach spaces. Then the Banach space L(E},..., E,; Ey) consists of
all continuous m-linear maps from F; x --- X E,, into Ey. They are said to be multipli-
cations and are sometimes simply denoted by (e, ...,e,) — e ®---e¢e,. Given such a
multiplication we define u; ® - - - o u,, € (Eg)® for u; € (E;)%,1<j <m, by

uy®---ouy,(z):=u(zr)e---euy(r), xeQ. (7.1)
Finally, for any Banach spaces F;[E;] of E;-valued functions defined on 2,1 < j < m,
we write

Fi[Ei]e--- o Fy[E,] — FolEo] ,

if the point-wise product (7.1) defines an element of L(Fi[E\], ..., FulEy]; Fo[Eo)).

Lemma 7.1. (a) Suppose that By X -+ X E,, — FEg, (e1,...,ey) — €1 ®---0¢c, is a
multiplication with m > 3. If

0 <7 <min{r,n/p} and 7+n/p<20, (7.2)
then
BUC"[Er]e--- @ BUC"[Ey, o] @ By [E1] @ By [Em] — By [Eo] -
(b) Suppose that Ey X Ey — Ey, (e1,e2) — e ® ea is a multiplication. If 0 < o < r, then
BUC"[Ey] e BY,[Es] — B, [Eo] -

PROOF. According to Proposition 6.12(a) and Remarks 6.13(a), we may assume that
2 = R*. Then the assertions are consequences of (5.5) and [6, Thm.4.1, Rem.4.2(b)],
if one observes that the results in [6] remain valid for arbitrary, not necessarily finite
dimensional Banach spaces (see [9] and [12]). O

The space C,~ (Ey, Ey) consists of all maps from E; into Ey which are uniformly Lipschitz
continuous on bounded subsets of F;. Endowed with the family of seminorms

u(e) — ul(e
po = 1 sup [u(e)] g, + sup 1A= lsy
e€B ec'en ||€ — € HE1
e#e

where B runs through the family of all bounded subsets of Ey, C}~(Ey, Ey) is a locally
convex space. Then C”(RJF,CZ}_(El,EO)) for p € (0,1) is also a locally convex space,
where the topology is induced by the family of seminorms

ps(u(t) — u(s))
e Max pp (u(t)) + OSSSE%T It — 5|

Y

Y
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with 7' > 0 and B C EF; bounded.

Let us give a precise description how the right hand side of Problem (xx) will be interpreted
in the following.
We set Fyrear := Loo(Y, E) and use the notation

7(y7y/> = ry(y>(y/) ) a.a. Yy, y, € Y ) i € Fbreak .

Given v € Fycqr, we define
/

Yo Yy
)
W = [ A ) df =) [ Lrty) dy
y 0
for u € F and a.a. y € Y. Since Y is a bounded interval, it is easily verified that

[(77 u) = lb(y)[u]] S E(Fbreaka E; E) ;
and hence, by putting

b [)(@) = L(y(@)fu()] . weQ,
for (v,u) : Q — Fprear X F, Lemma 7.1(b) yields a multiplication
[(.0) = (D[] € L(BUCT [Fipear], By E): B [E]) |
provided 0 < o <r. If vy € CP(R+, BUC”"[Fbreak]) with p € (0,1) is fixed, we define
Ltz y,u) = L(y(t)(2)[ully), (tz)eRTxQ, aayeY, ueck.
Denoting then by Ly(¢, -) the Nemitskii operator induced by ly(, -, -, -), that is,
Ly(t,u)(z) == l(t, z,u(z)) , (t,z) eR' xQ, ueE”,
we deduce that
[t — Ly(t,)] € C*(RY,Cy~ (By B, BJ[E]), 0<o<r.
Next, let F,,qu be the closed linear subspace of Lo (Y X Y') consisting of all R satisfying
R(y,y)=R(yy), aayyey.
Defining
L(K, P)u,v|(y) = % /Oy K,y —y)PW,y—y)uy)vly —y) dy
for K, P € F,.ou, u,v € E, and a.a. y € Y, we obtain a multiplication
(K, P,u,v) — (K, P)[u,v]] € L(Feoat, Frou, E, E; E) .
Similarly, the definitions of

1 [y v
2(Be, K, Q)[u, v](y) = 5 / / K"y =y"QW".y' —y") By, y)u(y")v(y' —y") dy"dy’
Y 0

and

3 vy ! / / !

BBl ollo) =) [ KR y)o) dy

0
for 0. € Fyrear, K, R, Q € Fooq, u,v € E, and a.a. y € Y, yield multiplications
[(ﬁc; Ka Q> U, ,U) = lg(ﬁm Ka Q)[ua UH € /C(Fbrealw Fcoala Fcoah E> E; E) ’

and
(K, R, u,v) — I3(K,R)[u,v]] € L(Frou, Fooat, E, E;E) .
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Further, for By € Fieur := Loo((yo, 2y0), E), we write

Bs(w,v") :=Bsw)¥), ye W2y, yev.
We then put

1 2yo Yo
L (Bs, K)[u, v](y) == 5 / K"y — ") By, y)uly")w(y' —y") dy"dy’,
Yo Y —yo

and
Yo

() [u, 0] (y) == uly) K(y,y)o(y) dy",
Yo—y
for By € Fyut, K € Foou, u,v € E, and a.a. y € Y. Then, the mappings I} and [? have
the property

[(Bs, K, u,0) = 1 (Bs, K, 0]} € L(Facat, Feoat, B, 5 E)
and
(K, u,v) — E(K)u,v]] € L(Fuou, E,E; E) .
Suppose now that
(Be, Bs, K, P,Q) € CP<R+aBUCT[Fbreak X Fscat X Feoat X Feoar X Fcoaz])
is fixed, where r > 0 and p € (0,1). We set
It y,u,v) == 1L(t, 2,9, u, U) + 2 (t, 2, y,u )— Bt x,y,u,v)
— (K (8) (@), P(0) (@) [

+ 12 (Bt )( ), K (t)(x), ( )(95))[ ,0)(y)

— L (K (t)(2), P(t)(2) + Q(t)(x)) [u, v](y)
as well as

Ltz y,u,v) =1Lt 2,9, u,v) — I2(t, 2, y,u,v)

=1 (Bs(t) (), K (t)(2)) [u, v](y) — (K (t)(2)) [u, v](y)

for (t,z) € RT x Q, u,v € E, and aa y € Y. Moreover, we denote by Li(t,-,-)
for (j,h) € {(1,0),(2,¢),(3,0), (1 s),(2,s)} the Nemitskii operators being induced by
B(t,-,--,-), that is,

Ll (t,u,v) (z) := lfl(t,m, Su(z),v(z)), (Lz)eRY xQ, wwve E%
and we put

Le(t,u) := LE(t,u,u) + L2(t,u,u) — L3(t,u,u) , teRT, we E?,
and

Ly(t,u) == LY(t,u,u) — L2(t,u,u), teR", wueE?.
Therefore, in virtue of Lemma 7.1, these operators satisfy
[t — Ly(t,-)] € CP(RY,C,~ (BY,[E] By [E])) . hedcs},
provided (7.2) holds. Finally, we set
L(t,-) == Ly(t,-) + Le(t, ) + Ls(t,-) , teR", (7.3)

and
F:= Fbreak X Fbreak X Fscat X Fcoal X Fcoal X Fcoal . (74>

We summarize the observations above in the following proposition.
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Proposition 7.2. Assume that 1 < p < oo, 1 < p < oo, and let 0 < 7 < min{r,n/p}
with T +n/p < 20. Suppose that

6 (2(0), Bul0), Bu(6), K (), P(0), Q)| € € (R*, BUCTIR)
for some p € (0,1). Then it holds
[t — L(t,")] € C*(R*,C,~ (Bg|E], By [E])) -

For the sake of readability we will use in the sequel the notation
a(t,z;-,-) == a(t)(2)(-,"), (tLz) ER" xQ, ac {7,66,63,K, P,Q} )

Remark 7.3. Of course, since the physical meaning of P and () is that they represent
the probability of coalescence and shattering, respectively, they obey (besides being non-
negative)

0< P(t,z;y,y)+Qt,z;y,y) <1, (t,z)eR" xQ, aa yyeY.

But from a mathematical point of view, this will not be required in the following.

7.2. The Diffusion Semigroup
Given d € C(2x Y) and 1 < ¢ < oo we set
Apldlu = —dAu , we H!g[L,(Y)] :=={u e H[L,(Y)]; d,u=0} . (7.5)

Since
Loo(Y) X Lo(Y) = Lo(Y) . (pyu) — pu

is a multiplication and since d(x,-) € Lo (Y) for z € €, it follows from (5.9) and Propo-
sition 6.12 that

(> Ayfd]] € £(C(O x V), £(H 5Ly (V)], Ly[Lo(V)])) - (7.6)
In the sequel, if Ey and E; are Banach spaces with F; 4, Eyandif A: By — Ej is linear,
we mean by writing A € H(E, Ep) that —A, considered as a linear operator in Ey with

domain Ej, generates an analytic semigroup on Ey. Observe that H(F1, Ey) is an open
subset of L(E1, Ey).

Theorem 7.4. Let d € C(2 x Y) be with
d(z,y) >0, (z,y) €QAxY , (7.7)
and define Ay[d] by (7.5). Then it holds
Apld) € H(H. 5[Lo(Y)], Lp[Lo(Y)]) , 1<p,0 <oo.

PRrOOF. Put A := A,[d]. Let us then verify the hypotheses of [23, Thm.8.2]. First
observe that L,(Y) is a UMD space (see [8, II1.Thm.4.5.2]). Next, condition (7.7) guar-
antees that, for each (x,¢) €  x R* with |£| = 1, the spectrum of the principal symbol

Ay(,€) = d(z,")|¢|* = d(z,") € L(Ls(Y))

is contained in (0, 00). In particular, Ay(x, &) is parameter-elliptic.
Further, we have to check the Lopatinskii-Shapiro Condition of [23]. Fix zy, € 01,
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¢ € (r/2,m), A€ [|argz| < p], and & € R*™! with [A| + || # 0. We then show that the
problem
(A + d(zo, )| [P)v(t) — d(wo,)i(t) =0, t>0,

o(0) = h (7.8)
has for each h € L,(Y) a unique solution v in Cy (]R+, LU(Y)). For, put
A
M(y) = +1€)? . ey,
(v) (209) 7,y

so that, in view of (7.7), M € Lo (Y) with M(y) ¢ (—o0,0] for y € Y. Denote by
VM(y), y € Y, the unique square root of M (y) with positive real part. Then there exists
mg > 0 such that

Rev/M(y) >mg, yeyY. (7.9)

Let h € L,(Y) be fixed. Clearly, by rewriting (7.8) as a first order differential equation,
we see that its unique solution v € C?*(R", L,(Y)) satisfying v(0) = v° € L,(Y) is given
by

e_mt, t>0.

1 h 1 h
v t;vo = —<U0 + —)emt+ —<vo — —)
(£07) = 5 i 5 i

Hence, it suffices to prove that there exists a uniquely determined v° € L,(Y") such that
v(+;v°) vanishes at infinity. Due to (7.9), this is indeed the case with v° := —h/v/ M.
We may now apply [23, Thm.8.2] in order to deduce that there exists ;1 > 0 such that
p—+ A is R-sectorial with spectral angle strictly less than 7/2 in the sense of [23, Def.4.1].
In particular, —(p + A) is the generator of an analytic semigroup on L,[L,(Y)] with
domain H? z[L,(Y)] (see [8]), and whence also A € H(H?g[Ls(Y)], Ly[Ls(Y)]).

U
Given d : R* — C(Q x Y) we set d(t,z,y) :=d(t)(x,y) for (t,2,y) ERT x A x Y.
Corollary 7.5. Suppose p € (0,1) and let d € C*(R*,C(Q x Y)) be with
dit,z,y) >0, (t,z,y) eR" xQxY .
Then it holds for 1 < p,o < 00
£ AJd(0)] € OF (B (2L (V)] L[Lo(V)]))
ProoF. This follows from Theorem 7.4 and (7.6). O

On condition that Corollary 7.5 holds, [8, II.Cor.4.4.2] guarantees now the existence of
an evolution operator Uy, of A, := A,[d] on L,[L,(Y)]. In the following, we collect some
basic properties of Uy,, which will be of importance later in the proof of positivity of
solutions.

Lemma 7.6. Assume that d satisfies the hypotheses of Corollary 7.5 and suppose that
1 <o <oo. Then

UAP}Lq[La(Y)] =U,, 1<p<g<oo.

PROOF. In this proof we abbreviate any space S[L,(Y)] of L,(Y)-valued functions
defined on €2 simply by S.
(i) Fix s > 0 arbitrarily and let {e=*»(); ¢ >0} denote the semigroup being generated
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by —Ay(s). In view of (5.9) and Proposition 6.12(b) we have H?; — H? g, since Q is
bounded, and whence A,(s) D A,(s). From this it immediately follows
-1 —1
()\ + Ap(s)) ‘Lq = ()\ + Aq(s)) , ANE Q( — Ap(s)) N g( — Aq(s)) ,

with o( — Ap(s)) denoting the resolvent set of —A,(s). Invoking then [34, Thm.11.6.6]
we deduce

et )y, — lim <E>k<ﬁ +Ap(3)> _ku — lim <E>k<§ +Aq(s)>_ku — o tAg(s)y,

for u € Ly — L, and t > 0. Therefore,

e—tAp(s)‘ =) s>0.

Lq

(ii) Let T > 0 be arbitrary and put
ay(t,s) := eI < s<t<T.
Hence, by (i) we have a,(t, s }L = a,(t, s). Moreover, set
kp(t, s) = —(A,(t) — Ap(s))ap(t,s), 0<s<t<T,
so that k,(t, s)‘L = kqy(t, s). Finally, define

Zk* ,

7 tlmes

by means of
¢
kx h(t,s) ::/ k(t,T)h(r,s)dr, 0<s<t<T.

Since [8, II.Lem.4.3.1] entails for Sp := {(t,5); 0 < s <t < T} that w, € C(Sr, L(Ly))
and wy(t,t) = 0, we obtain from k }Lq = k, that
wy(t, s) ‘L =wy(t,s), 0<s<t<T.
Because [8, 11.§4.3, 11.§4.4 | tells us
Ua,(t,s) =ap(t,s) +ap*xwy(t,s), 0<s<t<T,
the assertion is obvious. O

For a vector space X being ordered by a proper cone X (that is, x <y iff y —z € X+
with the convention that y > z iff < y) and any set M, the vector space XM is given
its point-wise order induced by the cone (X +)M. This means that w < v for w,v € XM
iff w(m) < wv(m), m € M. If X is a locally convex space then X is an ordered locally
convex space provided X is an ordered vector space whose positive cone X T is closed.

In particular, if X is an ordered Banach space then L,(Y) and L,[X] are ordered Banach
spaces (with point-wise order a.e.) with cones L} (Y) and L} [X], respectively. Given

S e {BUCH[X], HI[X], W}[X], Bb [X]; u > 0}
the order of S is defined by the cone S* := SN LI[X].

We denote by C.(Y) the space of all continuous functions on Y with compact supports
and by CF(Y') its positive cone.
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For a definition of the tensor product E; ® Ey we refer to [8].

Lemma 7.7. If 1 < p,0 < oo then BUC®(Q)" @ CF(Y) is dense in L [L,(Y)] and
BUC>®(Q) ® C(Y) is dense in W} [Ly(Y)].

PROOF. Clearly, the trivial extension @ of v € LI [L,(Y)] belongs to L (R", L,(Y)).
We may now approximate ¢ by functions of the tensor product D*(R") ® CF(Y') similarly
as in [10, Lem.6.1]. Thus BUC*(Q)" ® CF(Y) is indeed dense in L} [L,(Y)]. Extending
elements of W?[L,(Y)] by means of a co-retraction according to Proposition 6.12, the
second assertion is obtained analogously. O

A bounded and linear operator T" on an ordered Banach space X is said to be positive if
T(XT) C XT. We express this by 7" > 0. If A is a closed linear operator in X we say
that A is resolvent positive provided there exists \g > 0 such that [A\g, o0) belongs to the
resolvent set o(—A) of —A and (A+ A)~! >0 for A > .

Theorem 7.8. Suppose that d satisfies the hypotheses of Corollary 7.5. Then, the evolu-
tion operator Uya, of Ay, = A,[d] is a positive operator on Ly[L,(Y)] for 1 < p,o < oc.

PROOF. In view of [8, II.Thm.6.4.2, II.Thm.6.4.1] it suffices to prove that for fixed
s > 0 the closed linear operator B, := A,(s) in L,[L,(Y")] is resolvent positive.
(i) Assume that ¢ > p > n. From (the proof of) [4, Thm.6.1] follows the existence of
Ao € R such that for each y € Y and A > A\g we have w > 0 whenever w € W;B(Q) satisfies
(A —=d(s,-,y)A)w > 0. Owing to B, € H(H_3[Ls(Y)], Ly[Ly(Y)]) we find some w, > 0
with [w,, 00) C o(—B,). Let A > max{wy, Ao} =: A(p) and v € BUC*®(Q)T @ C(Y) be
arbitrary so that

w:= A+ B,) v e H.g[L,(Y)] — H; g[L,(Y)] , (7.10)

and hence

A+ Bw=v>0 in LyL,(Y)] — Ly[L,(Y)] . (7.11)
Recalling the facts that H25[L,(Y)] = W25[L,(Y)], that L,[L,(Y)] = L, (Y, L,(Q)), and
that BUC™(Q) ® C.(Y) is dense in W?2[L,(Y')], one obtains from (7.10) and (7.11) that
w(-,y) := w(-)(y) belongs for a.a. y € Y to W 5(Q) and satisfies

<>‘ - d(s7 7y)A)w(7y> = U('??J) >0.

Therefore, w(x,y) > 0 for each z € Q and a.a. y € Y so that w € L}[L,(Y)]. We
conclude

A+B) 'v>0, veBUC®(Q)T@CHY), A>Ap). (7.12)
Next use Lemma 7.7 and the closedness of the positive cone L}[L,(Y)] in Ly[L(Y)] to
deduce that (7.12) remains valid for v € L [L,(Y)].
(ii) Assume now that 1 < p,o < oo are arbitrary. Choose 7 > ¢ and ¢ > p such that
T > ¢ > n. For w, > 0 with [w,,00) C o(—B,) put w := max{w,, A(¢)} where A(q) is
given as in (i). According to Lemma 7.7, the space L} [L,(Y)] is dense in LF[Ls(Y)].
Regarding this, the assertion follows from (i) since (A + B,)~! is for any A > w a bounded
and linear operator on L,[L,(Y")] satisfying (see the proof of Lemma 7.6)

()‘ + Bp)_l}Lq[LT(y)] = ()‘ + Bq)_l S ‘C(LQ[LT(Y)D :
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Recall that F = Ly(Y), 1 < p < 00, and 1 < p < oo. We denote by {Sf;[E] D> O}
either the scale { B4 [E]; > 0} or the scale {HX[E]; > 0}. Moreover, we put

and S¥4[E]* := S 4[E] N LF[E].

(7.13)

Corollary 7.9. Let 1 < p < oo and suppose that 0 < pu < n < 2 with u,n # 1+ 1/p.
Then S} 5[ET* is dense in S} s[E]".

ProOF. Taking into account Theorem 6.30 and (the proof of) Theorem 7.8, this fol-
lows from [8, V.Prop.2.7.1]. O

7.3. Well-Posedness and Conservation of Mass

After having made available all the tools we need, we can establish now well-posedness
of Problem (xx). To this end, let us rewrite these equations according to section 7.1 and
section 7.2 as a Cauchy Problem of the form

U+ A(t)u = L(t,u), t>0,
u(0) = u”
where L(t,-) and A(t) := Ayld(t)] € H(H.g[E], Ly[E]) are given by (7.3) and (7.5),
respectively, and where E = L,(Y). Recall that the scale {S! z[E]; p > 0} is defined in
(7.13) for 1 < p < oo and 1 < p < 0o and that F is given by (7.4).

Then the following fundamental theorem is valid guaranteeing existence and uniqueness
of maximal solutions of Problem (C'P),o in L,[E] for 1 < p < oo.

(CP)uO

Theorem 7.10. Let r >0, p € (0,1), and suppose that
[ = (v(0), Be(0), B5(1), K (2), P(¢), Q(1)) | € C*(R", BUC'[F])
and
deCP(RT,C(QAxY)) with d(t,z,y)>0, (tz,y)eR" xQxY .

Also suppose n < 4p and p € (n/2p, 2) \ {1 4+ 1/p}. Then, given any u® € S} y[E],
Problem (CP),0 possesses a unique mazimal solution u := u(-;u®) satisfying

u € C(J(u), St 4[E]) N CH(J(u®), Ly[E]) N C(J(u°), H2 5[E]) -
The mazimal interval of existence J(u®) is open in R . If

sup |lu(®)]lgr g <00, T >0, (7.14)
teJ(u2)N[0,T '
then J(u®) = RT.
Moreover, the solution u(-;u®) depends continuously on the initial value u® in the following
sense: For each T € J(u°) there exists a neighbourhood U of u® in Sy slE] such that
J(v°) 2 [0,T] for v° € U and, as v° — u® in U,

u(-0%) = u(5u’) in C([0,T], ShE]) -
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ProoFr. Set (Ey,E;) := (Lp[E],Hg’B[E]) and put for 6 € (0,1)

() == ()op if S:,B[E] = B;‘,p;g[E] ’
e [’7']9 if S;:,B[E] = H;’iB[E] :

Clearly, E; 4, Ey. Furthermore, Theorem 6.30 entails that
Eo := (Eo,E1)p = S.%[E], 20 € (0,2)\{1+1/p}.

Fix o € (n/2p, p) \ {1+ 1/p} and 7 € (0, min{20 —n/p, 1+ 1/p,r,n/p}). Then, due to
Proposition 7.2, we have

[ D1, )] € CF (R, O (B el ), Byl 1)) -

Choose € > 0 small so that

0<190::%—5<191::%+5<192::g<1.

According to (6.21), Theorem 6.30, and Corollary 7.5 we deduce

[t = (A(t),L(t,-))] € C* (R, H(Ey, Eo) x Cy~ (B, , By, )) -
Since u® € Ky, , the assertion is now a consequence of [10, Thm.5.1]. O
Remarks 7.11. (a) In view of (5.4), (5.9), and Proposition 6.12 we can allow S 5[E] to
be W) sz[E] in Theorem 7.10.

(b) The solution u(-;u’) is even more regular than stated in Theorem 7.10. Indeed, it
holds

u(ul) € O (J(u®), Sy 6lE])  m e (0, \ {1+ 1/p} .
This is a consequence of [8, I1.Thm.5.3.1].
(c) The solution u(-;u’) = ul (;;u®) for u® € S4 4[E] is independent, of 4 in the following
sense: If n/2p < p < i < 2 with p, i # 1+ 1/p and u® € SJ4[E] — S)4[E] then
u™ (5 u®) = u(-;uP). This follows immediately from (7.14).

Henceforth, in order to simplify the notation, we will write
u(t,z,y) = u(t;u’)(x)(y) . (tz,y) € J(W') x A x Y,

for the solution u = u(;u") of Problem (C'P),0, and for convenience we will sometimes
suppress any of the variables ¢, z, and y in a given formula.

The purpose of the next theorem is to provide sufficient conditions for mass conservation.
Let d be independent of spatial coordinates meaning that

de C*(R",C(Y)) with d(t,y)>0, (t,y)eR" xY . (7.15)

Further suppose that both scattering and shattering are mass-preserving. More precisely,
assume that for each (¢,z) € RT x Q it holds

Yo
/ Yty +y Yy ) dy' =y+y, aa y<y+y <2y, (7.16)
0

and

!

y+y
Q(tw;y,y’)[/ Yy B(tzy+y, Yy dy' —y—y' | =0, aa. 0<y+y <yo. (7.17)
0
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Note that (7.17) and our assumption on S.(t,z;-, ) to belong to Fyrear = Loo (Y, LQ(Y))
for (¢t,x2) € RT x Q restrict the physical scope of applications since together they imply
that collisions of small droplets cannot result in shattering. Indeed, these assumptions
entail the existence of a function z : Rt x Q — Rt with

Qt,z;y,y) =0, aa 0<y+y <z(t,z), (t,r)eR xQ.
This is a consequence of Holder’s inequality.

Theorem 7.12. Presuppose the hypotheses of Theorem 7.10 and let in addition (7.15)-
(7.17) be valid. Then, for each u® € Sy sl E], the solution u(; u®) conserves the total mass,

that 1s,
//yu(t;uo) dydz = / / yu’ dydr , t€ J(u®) .
alJy alJy

PROOF. Since €2 and Y are bounded, the map R, defined as

- /Q/qu(t) dydr , teJu’,

belongs to C*(J(u®)) N C(J(u’)) due to Theorem 7.10. Approximating u(t) € W2[E] by
functions belonging to BUC™(Q2) ® C.(Y'), we obtain the equality

//yA t) dyder = — //ydty@,,u()dyda()—O te Jul) .
o9
Finally, Proposition 7.2 entails L (¢, u(t)) € Li[Li(Y)], t € J(u®), so that

//thu dydx =0 , tEJ( 0,

is implied by assumptions (7.16), (7.17), and Lemma 2.7. Consequently, we have R(t)=0
for each t € J(u°). O

7.4. Positivity

In order to prove that the solution u(-;u®) of Problem (CP),o is positive for positive
initial values u°, recall that the space F being defined by (7.4) is an ordered Banach space
with positive cone

+ + + + +
F+ Freak X Fbreak X Fscat X Fcoal X Fcoal X F,

coal

since the spaces Fyear, Fscat, and F,q are themselves ordered Banach spaces.

Theorem 7.13. In addition to the assumptions of Theorem 7.10 suppose that

(v(), Be(#), Bs(1), K (1), P(), Q(t)) € BUCT[H]" , ¢ >0. (7.18)

Then u® € S) g[E]T implies u(t; u°) € Sh[ElT, t € J(u®).
PROOF. (i) Assume that n < 2p and p € (n/p, 2) \ {1+ 1/p}. In this case, it follows
from (5.1), (5.3), (5.5), (6.21), Proposition 6.12, and Theorem 6.30 that the embedding

St s[E] — BUC|E] is valid. Let u® € S 5[E]* be arbitrary and choose Tp € J(u°). Then
Theorem 7.10 implies

|luw(t)||pucp < c<oo, 0<t<Ty.
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Hence, the embedding E — L, (Y) yields w := w(T,) > 0 such that

wl &

Yyo—vy
’/ K(t,z;y,y) [Ptz y,y) + Qt, zyy, y)|ut, z,y) dy| <
0

and

<

Yo
‘ K(t,z;y,y u(t,z,y) dy

wl &

Yo~y
for all t € [0,Tp], z € Q, and a.a. y € Y. We can also assume that

Yy
)/ —y(t,z;y,9) dy
o Y
Putting then for 0 <t < T}, and v € C[E]
G(t,v) :=Ly(t,v) + LE(t,v,v) + L2(t,v,v) + L(t,v,0)
— L3(t,v,u(t)) — L2(t,v,u(t)) + wo ,

, 0<t<Ty,, €, aayeyY.

w
< Z
-3

where the operators L{L(t, -,+) are defined as in section 7.1, it follows
G(t,v() >0, 0<t<T<Ty, veC(0,T],C"E]) . (7.19)
Moreover, since
G(t,u(t)) = L(t,u(t)) +wu(t), 0<t<Ty,
we see that u is a solution of
v+ B(t)v=G(t,v), 0<t<Ty, v(0) = u”

in L,[E], where
B:=w+Aec CP(R", H(H]zE], L,[E])) .
Denote by Ug the evolution operator of B. Choosing M > 0 and T" € (0, T,] appropriately,

one proves on the basis of (a slight modification of) Proposition 7.2 and [8, II.Lem.5.1.3]
that u is the unique fixed point in

Vi = {v € C(10.T), S 51E)) : [v(t) sty < M}
of the contraction ® : Vr — Vp being given by

t
B(v)(t) = U(t, 0)u +/ Us(t,s)G(s,0(s)) ds, 0<t<T, veVr.
0
Defining then ug := u® € Vr and usyy := ®(uy) € Vr for k € N, we obtain a sequence
which converges towards u in Vr and satisfies ug(t) > 0 for 0 < ¢ < T and k € N in
view of (7.19) and Theorem 7.8. Since L[E] is closed in L,[E], we conclude u(t) > 0 for
0<t<T. Put

T = sup{T € J(uo); u(t) >0for 0 <t < 7'}
and assume T* < sup J(u®). Clearly, u(T*) > 0 so that a repetition of the above argu-
ments yields a contradiction. Whence u(t) > 0 for all ¢ € J(u°).
(ii) Assume that n/2p < u < n/p < 2 with u # 141/p and choose n € (n/p, 2)\{1+1/p}.
Since S) z[E]* is dense in S} z[E]* by Corollary 7.9, part (i) and the continuous depen-
dence on the initial value in the sense of Theorem 7.10 (see also Remarks 7.11(c)) entail
that

u(t;u’) >0, teJw’), u’eShgE".
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Therefore, the statement of the theorem is true in the case n < 2p.
(iii) In order to indicate the dependence on p we write for the remainder of the proof

Up = p(; u’) € C'(Jp(uo), SKB[E])
for the solution of Problem (CP)yo in L,[E] with initial value u® € S/'s[E]. In the
following, we say that P(«) is true for a given a € [2, 4], provided
up(t;u’) >0, te,(u’), u’eShgE",
whenever
pe(lyoo), n<ap, pe(n/2p,2)\{1+1/p}.

The goal is then to verify P(4). First we claim that P(«) implies P(2+«/2) for « € [2,4).
To see this, let o € [2,4) be such that P(«) is true and fix

pe(l,00) with a§ﬁ<2+%. (7.20)

p

We have to show that for € (n/2p, 2) \ {1+ 1/p}
up(t;u’) >0, te (), u’eShgE". (7.21)

In a first step we assume that max{l +1/p,n/p— a/2} < p < 2. In this case we can
choose € > 0 small such that ¢ := n/a + ¢ and o := n/2q + ¢ satisfy u —n/p > o —n/q.
Therefore, (5.3), (5.6), (5.10), and (6.21) combined with Proposition 6.12 entail that

ShslE] — SgslE] - (7.22)
Now, if u® € ¥ 3[E]*, Theorem 7.10 yields solutions
uy = up(-;u’) € C(J,(u), S;B[E]) (7.23)

and

Ug = UCI(';UO) € O(Jq(u0)> qU,B[ED )
both satisfying (C'P),0. Moreover, u,(t) > 0, t € J,(u"), since P(«) is true. For o € {p,q}
denote by U, the evolution operator of

A, =A,ld] € CP(R+,H(H§,B[E]>LQ[E])) ;
so that

u,(t) = U,(t, 0)u’ —l—/o Uy(t, s)L(s,up(s)) ds, te€ J(u’), o€ {pq}.
Put (Eo,E1) := (Ly[E], H25[E]) and Ey := (Eo,Ey ) for 6 € (0,1), where

[ o if Sp,B[E] = Hp,B[E] .
Due to Theorem 6.30 we have Ey = S2%[E] provided 20 € (0,2) \ {1+1/¢}. In particular,
in view of Proposition 7.2 we can choose ¥ > 0 small enough such that for 6 := 0/2 > n/4q

[t — L(t,)] € C*(R*,C,~ (g, Ey)) - (7.24)
From Lemma 7.6, (7.22), and (7.23) we deduce that u, € C(J,(u’),Eg) solves

u,(t) = U, (t, 0)u’ + th(t,s)L(s,up(s)) ds, teJ,(u’).
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Since by [8, II.Lem.5.1.3]
1Ua(t, 8)ll ey ) < c(T)(t—5)"", 0<s<t<T,

(7.24) entails

[p () = ug(t)]g < C(T)/O (t = )" llup(s) — uq(s) e, ds

for all 0 < t < T € J,(u®) N J,(u) and thus u,(t) = uy(t) > 0,t € J,(u®) N J,(u),
by invoking Gronwall’s inequality. From this we conclude w,(t) > 0, t € J,(u"), by a
contradiction argument as in the last step of (i).

Now, if u € (n/2p, 2) \ {1 + 1/p} is arbitrary whereas p still satisfies (7.20), we deduce
(7.21) from the previous consideration by a density argument as in (ii). Therefore, P(«)
indeed implies P(2 4 «/2).

(iv) Finally, for j € N put o; := 4 — 27 7 4. Owing to (i) and (ii), P(ap) is true.
Applying (iii), we inductively obtain that also P(a;) is true for j > 1. Obviously, this
proves the theorem. O

7.5. Global Existence

Up to now, we have established under physical reasonable assumptions that Problem (kx),
that is, the Cauchy Problem (C'P),0, admits — at least local in time — for each non-
negative initial value a unique solution which is non-negative and mass-preserving. Of
course, one of the questions which still remains concerns global existence. The following
theorem and its corollary provide sufficient conditions for global existence of solutions
even though these conditions are far from meeting physical or mathematical requirements
completely.

We need some estimates on the kernels reading as

Bt zyy,y) <b(t,z,y), (t,x) eR" xQ, aa yy ey, (7.25)
ﬁs(@ﬂ%?/) < b(taxay,) ) (t,(l]) < R* x Q y aasyc (907290] ;. ?// ey ) (726>

and
K(t,xy,y) < K (t)yy' , (tr)eR" xQ, aa yy ey, (7.27)
where K* € C(R") and b € C(R", L,[E]).

Theorem 7.14. In addition to the hypotheses of Theorem 7.10 suppose that (7.18) and
(7.25)-(7.27) are satisfied. Let u® € Shg[ET* and assume that for each T > 0

/yu(s,x,y)dygc(T)<oo, aa.x €, seJw)No,T]. (7.28)
Y

Then the solution u = u(-;u’) exists globally, i.e., J(u°) = R*.

PROOF. Let T' > 0 be arbitrary and set Jp := J(u®) N [0,T]. We write | - |z for the
norm in F = Ly(Y). Temporarily, fix s € Jr and = € Q such that u(s,z,-) € ET and
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such that (7.28) holds. Invoking Jensen’s inequality and Fubini’s theorem, we obtain

Yo Yo 2
L)@k <2 [ ([ s dy) dy
0 y
Yo Yo,/ 2
y / /
2 [Tt o) [ Latsminy) ) dy
0 )
. Y A / 2
<c [7 [ bt/ df futs. )P dy
0 0

< C||7H20(JT,BUC[FMM})|U(S>$)|2E ‘

Therefore,
|Ly(s,u(s)) (x)|p < e(T)|u(s, z)|g - (7.29)
For v € E we define Cv € Ly(R) N L1 (R) by

(Cv)(y) — {yv(y> ) yey,

0, else ,
so that y
Cv*Cv(y)Z/O(y—y)(y Vo) dy', yeY.
Let the operators LiL(t, -,+) be defined as in section 7.1 and put
L (t,v):= Li(t,v,v), t>0, wve&FE?.

Then we deduce in view of (7.27)

L)@l < em) [7 ([ K=yt =) ) dy
< ¢(T) |Cu(s,z) * Cu(s, x)|3
< ¢(T) |Cu(s, z)|7, ) |Culs, ) |7, m
< o(T) Ju(s, 2)|3

where we additionally used Young’s inequality for convolutions and (7.28). This entails
1L (s,u(s))(2)|e < e(T) |u(s, z)|k - (7.30)
Next use Fubini’s theorem, (7.25), (7. 27) the positivity of u(s, z), and (7.28) to conclude

Yo Yo
)@ =1 [ ([ [ Ko =@ - )
Be(s, 23y, y)uls, x,y" Ju(s, x,y — y") dy”dy’>2dy

2
< C(T)/ b(s, z,y)| / / y"yu(s, z,y")u(s, z,y") dy”dy’> dy
0
< c(T) |b(s, z)|%

and whence
L2 (s, u(s)) (2)| 5 < o(T) b(s, )| - (7.31)
Similar arguments lead to

L (s,u(s)) (@)| < (T) [b(s, 2)|& - (7.32)
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Finally, the estimate

1L3(s,u(s))(z)|g + |L2(s,u(s)) (@)|p < o(T) |u(s, z)|g (7.33)
is easily obtained from (7.27) and (7.28). Consequently, (7.29)-(7.33) yield

1L (s, u(s)) |z, 1) < o(T) [w),m +e(T) . s € Jr,

since b € C(R", L,[E]). Denoting by Uy the evolution operator of A on L,[E] (see
Corollary 7.5) and taking into account that [8, II.Lem.5.1.3] combined with Theorem
6.30 entail

NUACt, $)|2czy .50 g1y < (D)= )2, 0<s<t<T,

we conclude that for ¢ € Jp
t
lu®)llsp g < 1Tt 0)u’] 2, 1 +/0 U, )| 2(zpizs0 giaplI L (s, w(s)) |,z ds

t
< o(T, ) + e(T) / (t — )2 u(s)]| 1, ds
0
The embedding S 5[E] — L,[E] and Gronwall’s inequality imply then (7.14). O

The next corollary entails the a priori estimate (7.28) — and hence global existence — in
the case when the total mass is conserved and when the diffusion operator —dA does not
depend on any of the variables ¢, z, and y.

Corollary 7.15. In addition to the hypotheses of Theorem 7.10 suppose that d > 0 is
a constant. Further suppose that (7.16)-(7.18) and (7.25)-(7.27) hold. Then, for any
u® € S g[E)T satisfying

ess—sup/ yu’(z,y) dy < oo , (7.34)
Y

e

the solution u = u(-;u®) exists globally.
ProOOF. We already know that
u=u(-;u’) € C(J(u°), Sh4lE]) NC(J(u°), Ly[E]) N C(J(u), HE g[E))

is a non-negative and mass-preserving solution of (C'P),0. Putting

w(s, ) ::/yu(s,x,y) dy, scJu’, aaxecQ,
Y

and taking into account (7.16), (7.17), and Lemma 2.7, one shows (using the facts that the

smooth C(Y")-valued functions on Q form a dense subspace of HZ[Ly(Y)] = W2 [L,(Y)]
and that Ly[L,(Y)] = Ly (Y, Ly(€2))) that w solves

w—dAw =0, Jdw=0,

in L,(Q), where ¢ := min{p,2}. Since the scalar-valued Laplace operator with respect
to Neumann boundary conditions generates a (not strongly continuous) semigroup of
contractions on L., () (see [52]), we conclude

[w(s, Mo < w0, i@, s€ (W),
and thus (7.28). O
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Remark 7.16. Observe that
Sy slE] = BUC[E] — Loo[L1(Y)], n/p<p<2,
so that (7.34) is redundant for u® € S!' 5[ E]".

Examples 7.17. Let us consider some examples of kernels in order to illustrate our
results. To keep things simple, we omit time dependence as well as dependence on spa-
tial coordinates. Throughout suppose that the shattering probability () is zero for small
droplets, that is, for the symmetric function @ € LY (Y xY) there exists some zy € (0, yo]
such that Q(y,y") =0 for a.a. 0 <y + 3y < 2.

(I) As in Examples 2.21(III) assume that fragmentation is subject to a power-law breakup
meaning that the kernels are of the form

Yy, y') = hy* = y)E 0<y <y<uwy,

Be(y,y) = (C+2y7(y) . 2<y<w. 0<y <y,

Boly,y) = (v + 2y "y(y)", 0<y <wo<y <2y,
witha >1/2,0>¢,(,v > —1/2, and h > 0. Extending v and (3. by zero it is easily seen
that

(ry 60753) reak X Fb—::eak X Fs—gat :
Moreover, (7.16), (7.17) as well as (7.25) and (7.26) are satisfied. Coalescence kernels
obeying (7.27) are for instance those of the form

Ky y)=Kwy), yyey,
where K* > 0 and o > 1.

(IT) Also fragmentation governed by a parabolic breakup can be considered as done in
Examples 2.21(IV). Given h > 0 and a + & + ¢ > —1/2 with £,{ > —1/2, put

Yy, y') = hy () (y—y), 0<y <y<wo,
and extend v by zero so that

Yo
/ N (y, )P dy’ < B2B(26 +1,2¢ + )yg @ % ey
0

where B denotes the beta function. Therefore, v € Fy .. For ¢ > v > —1/2 define

reak®

-1 1—v—0c
Bely.y) = (Bv+2,0+1)) vy ") (y-vy) . 2<y<yw, 0<y <y,
and extend it again by zero. Observe that o is chosen larger than v in order to guarantee
that the total number of daughter droplets resulting from shattering is at least 2 1, that
is,

2
/ﬁcyy ’—V+U+ >2, 2<y<uyo.
v+1
We have B(2 1.2 0
+ 1,20 +
’ 2d' v -1 <y <
0 |ﬂ(y y)| B(V+2,U+1) ZO ) 20 Y=Y,
and whence (3, € F,!_ . satisfies (7.17). In addition, if ¢ > 0 then
—1-v—0o
v _ /U::b / O< l< <
ﬁ(yy)_B(V+20_+1)(y)(yo y') (v) Y <y<wo,

'For similar reasons we chose £, ¢ and v smaller than 0 in (I).



7.5. GLOBAL EXISTENCE
with b € E = Ly(Y') so that (7.25) holds. Finally, set
B ) = F)W) ' w—y), 0<y <yo<y<2y,
for w > § > —1/2, where

Yo -1
fly) = y(/ 2y — ) d2> :
0
Then 3, € F;,, fulfills (7.16) and (7.26).

scat
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